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ABSTRACT 
On the Equivalence between the Additive Hypo-Elasto-Plasticity and Multiplicative Hyper-
Elasto-Plasticity Models and Adaptive Propagation of Discontinuities 
Yang Jiao 
Ductile and brittle failure of solids are closely related to their plastic and fracture behavior, 
respectively. The two most common energy dissipation mechanisms in solids possess distinct 
kinematic characteristics, i.e. large strain and discontinuous displacement, both of which pose 
challenges to reliable, efficient numerical simulation of material failure in engineering structures. 
This dissertation addresses the reliability and efficiency issues associated with the kinematic 
characteristics of plasticity and fracture. 
At first, studies are conducted to understand the relation between two well recognized large 
strain plasticity models that enjoy widespread popularity in numerical simulation of plastic 
behavior of solids. These two models, termed the additive hypo-elasto-plasticity and multiplicative 
hyper-elasto-plasticity models, respectively, are regarded as two distinct strategies for extending 
the classical infinitesimal deformation plasticity theory into the large strain regime. One of the 
most recent variants of the additive models, which features the logarithmic stress rate, is shown to 
give rise to nonphysical energy dissipation during elastic unloading. A simple modification to the 
logarithmic stress rate is accordingly made to resolve such a physical inconsistency. This results 
in the additive hypo-elasto-plasticity models based on the kinetic logarithmic stress rate in which 
energy dissipation-free elastic response is produced whenever plastic flow is absent. It is then 
proved that for isotropic materials the multiplicative hyper-elasto-plasticity models coincide with 
the additive ones if a newly discovered objective stress rate is adopted. Such an objective stress 
rate, termed the modified kinetic logarithmic rate, reduces to the kinetic logarithmic rate in the 
absence of strain-induced anisotropy which is characterized as kinematic hardening in the present 
dissertation. 
In the second part of the dissertation, the computational complexity of finite element analysis 
of the onset and propagation of interface cracks in layered materials is addressed. The study is 
conducted in the context of laminated composites in which interface fracture (delamination) is a 
dominant failure mode. In order to eliminate the complexities of remeshing for constant initiation 
and propagation of delamination, two hierarchical approaches, the extended finite element method 
(XFEM) and the s-version of the finite element method (s-method) are studied in terms of their 
effectiveness in representing displacement discontinuity across delaminated interfaces. With one 
single layer of 20-node serendipity solid elements resolving delamination-free response of the 
layered materials, it is proved that the delamination representations based on the s-method and the 
XFEM result in the same discretization space as the conventional non-hierarchical ply-by-ply 
approach which employs one layer of solid elements for each ply as well as double nodes on 
delaminated interfaces. Delamination indicators based on the s-method representation of 
delamination are then proposed to detect the onset and propagation of delamination. An adaptive 
methodology is accordingly developed in which the s-method displacement field enrichment for 
delamination is adaptively added to interface areas with high likelihood of delamination. 
Numerical examples show that the computational cost of the adaptive s-method is significantly 
lower than that incurred by the conventional ply-by-ply approach despite the fact that the two 
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Chapter 1  
Introduction 
1.1 Overview 
Responsible for ductile and brittle failure modes of solids, respectively, plasticity and fracture have 
been attracting intense interest among not only industrial practitioners but also academic 
researchers. In particular, significant research efforts have been undertaken to develop predictive 
plastic and fracture behavior simulation framework. The enormous interest in predictive 
simulation tools stems from the fact that the simulations are typically faster and lower cost 
compared to their experimental counterparts and, moreover, have in general much less limitations 
than analytical approaches on geometric shapes of structures, types of constitutive (material) 
models and setup of boundary conditions. 
Despite their accessibility and generality as mentioned above, numerical approaches to studying 
ductile and brittle failures of solids face challenges posed by the physical complexity of plasticity 
and fracture. In fact, some of the challenges of realizing reliable, efficient numerical prediction of 
material failure in engineering structures result from the respective kinematic characteristics of 
plastic and fracture behavior of solids. It is well known that plasticity is one of the most common 
energy dissipation mechanisms featuring large strain while fracture is an energy dissipation 
mechanism characterized by initiation and propagation of cracks (i.e. discontinuities of the 
displacement field). In numerical simulation of plastic behavior of solids, the presence of large 
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strain requires geometric nonlinearity to be involved in the constitutive models. Such constitutive 
models are often developed through extension of the corresponding classical constitutive models 
for infinitesimal deformation into the large strain regime. Distinct large-strain plasticity models, 
however, can be obtained as generalizations of the same classical infinitesimal-deformation model 
to the large strain regime. Understanding of the relation between these different models for the 
same purpose is therefore of crucial importance for ensuring reliability of the numerical 
approaches to studying plastic behavior of engineering structures. On the other hand, the kinematic 
characteristic of fracture requires accurate identification and representation of initiation and 
propagation of crack surfaces (across which displacement is discontinuous) in numerical 
simulation of fracture in solids. Since locations of the onset of cracks are usually not known a 
priori, excessive computational cost may be incurred to identify crack initiation throughout a 
structure. This may pose a serious computational efficiency problem in fracture analysis of 
practical structures which are usually on relatively large scales. As a result, it is of considerable 
significance to realize numerical methods capable of identifying and representing crack initiation 
and propagation in an efficient manner especially for large-scale structures. 
The above two aspects of enhancing reliability or efficiency of numerical simulation of material 
failure are addressed in two parts of the dissertation for plastic and fracture behavior of solids, 
respectively. 
In the first part, some well-recognized large-strain plasticity models, which are widely adopted in 
numerical simulation of plastic behavior of solids, are analyzed with relation between them 
revealed. Through proposing a novel objective stress rate (termed the kinetic logarithmic rate in 
the following development), improvements are made to a category of models based on additive 
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decomposition of the rate of deformation tensor into elastic and plastic parts. In addition, it is 
revealed that another category of large-strain plasticity models, in which the deformation gradient 
is assumed to be multiplicatively decomposed into elastic and plastic parts, coincide with the 
former ones with a specific objective stress rate (termed the modified kinetic logarithmic rate in 
the following development) employed. 
The second part addresses computational complexity of analyzing initiation and propagation of 
interface cracks in large structural components made of layered materials exemplified by 
laminated composites. To this end, attention is focused on hierarchical approaches to representing 
interface cracks (i.e. delamination) in finite element analysis of such structural components. A 
salient feature of these approaches is that finite element meshes do not need to conform to crack 
surfaces. This eliminates the complexities of adapting meshes to represent constantly changing 
geometric configurations of cracks caused by their propagation or initiation. Two hierarchical 
approaches (the extended finite element method and the s-version of the finite element method), 
are shown to be reliable in representing delamination in the sense that they are equivalent with the 
conventional approach which is based on remeshing. Furthermore, an adaptive methodology for 
finite element analysis of delamination propagation and initiation is developed based on the s-
version of the finite element method. In addition to its striking accuracy, the methodology incurs 
significantly less computational expense than its conventional counterpart. 
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1.2 Dissertation outline 
The aforementioned advances in numerical simulation of plastic behavior of solids are presented 
in Chapter 2 and Chapter 3 while those for fracture behavior elaborated in Chapter 4 and Chapter 
5. The outline of the dissertation is summarized as follows. 
In Chapter 2, the well-known classical large-strain plasticity models based on additive 
decomposition of the rate of deformation into elastic and plastic parts are critically examined. It is 
shown that even a relatively recent, self-consistency-oriented variant of such models exhibits 
physical inconsistency in an unloading process. A remedy is then proposed through a simple 
modification to the objective stress rate (referred to as the logarithmic rate) employed by the model. 
The resulting objective stress rate is termed the kinetic logarithmic rate in the sense that it is 
dependent on stress.  
Chapter 3 involves another category of large-strain plasticity models which assume multiplicative 
decomposition of the deformation gradient into elastic and plastic parts. Despite the fact that these 
models are usually considered to be distinct from their additive counterparts (which are studied in 
Chapter 2), relation is revealed between these two categories of large-strain plasticity models. In 
fact, it is mathematically proved and subsequently demonstrated on several model problems that 
the multiplicative models coincide with the additive ones if a newly developed objective stress rate 
is employed in the latter. This objective stress rate, termed the modified kinetic logarithmic rate, 
reduces to the kinetic logarithmic rate in the absence of strain-induced anisotropy (which is 
characterized by kinematic hardening herein). 
Chapter 4 studies reliability of two hierarchical approaches, the extended finite element method 
(XFEM) and the s-version of the finite element method (s-method), in representing delamination 
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in laminated composites. It is proved that the two approaches have the same discretization space 
(i.e. approximation space) as the conventional non-hierarchical approach in which delamination 
must be represented through double nodes on material interfaces. The s-method and XFEM are 
therefore effective in modeling delamination in laminated composites in addition to the fact that 
the complexities of remeshing for constantly propagating delamination are eliminated due to the 
hierarchical nature of the two methods. Moreover, the s-method is shown to be able to bring about 
more straightforward transition from strong to weak discontinuity of displacement than the XFEM. 
Since such transition is featured in interface crack problems, the s-method based representation of 
initiation and propagation of delamination may be more convenient to implement than that based 
on the XFEM. 
Chapter 5 presents an adaptive methodology of analyzing initiation and propagation of 
delamination in large structural components made of laminated composites. The methodology is 
based on the s-version of the finite element method and a newly proposed notion of delamination 
indicators. While the former leads to hierarchical representation of delamination, the latter 
pinpoints locations with high risk of interface debonding (i.e. delamination) throughout the 
structural components. Once such locations have been identified, the s-method based 
representation of delamination is implemented therein to model the corresponding interface areas 
where the possible debonding behavior is described by a cohesive zone model (CZM). Numerical 
examples show that the adaptive methodology leads to accurate simulation of initiation and 
propagation of delamination in laminated composites. Furthermore, the computational cost of such 
simulation is significantly lower than that incurred by a conventional approach featuring ply-by-
ply spatial discretization (i.e. meshing) of the structural components. 
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Finally, in Chapter 6 the conclusions of this dissertation along with some directions of future 
research are presented. 
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Chapter 2  
Additive Hypo-Elasto-Plasticity Models Based on 
the Kinetic Logarithmic Stress Rate 
This chapter critically examines a half a century old idea of decomposing the rate of deformation 
into elastic and plastic parts. It is shown that even the most recent additive variant based on the 
logarithmic stress rate [1,2] is inconsistent with the notion of elasticity in a so-called unloading 
stress ratchetting obstacle test. An objective stress rate, termed the kinetic logarithmic stress rate 
due to its stress dependency, is accordingly proposed. It is proved that additive hypo-elasto-
plasticity models based on the proposed kinetic logarithmic rate are able to produce elastic 
response during any unloading processes. These models can therefore pass the unloading stress 
ratchetting obstacle test. In addition, such models are shown to be weakly invariant under 
isochoric reference change for simple materials in the sense of Noll [3]. This chapter is 
reproduced from the paper [4] coauthored with Professor Jacob Fish whose inputs are gratefully 
acknowledged. 
2.1 Introduction 
Large strain plasticity, as observed in various materials, is one of the well-known phenomena 
requiring combined geometric and material nonlinear analysis of solids. A myriad of strategies 
have been developed to extend a well-established infinitesimal elastoplasticity theory to large 
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deformation regime [5]. Various approaches can be classified into two main categories. These 
include (i) the additive hypo-elasto-plasticity based on additive decomposition of the rate of 
deformation tensor, and (ii) the multiplicative hyper-elasto-plasticity. These approaches differ 
significantly in how the total deformation or motion is decomposed into elastic and plastic parts. 
The former is a natural extension of the classical infinitesimal theory [6]. By this approach, the 
rate of deformation tensor, rather than the strain rate in the infinitesimal deformation theory, is 
additively decomposed into elastic and plastic parts. In addition, the time derivative of stress in 
the infinitesimal theory is replaced with an objective stress rate in order to ensure frame-invariance 
(objectivity) of the constitutive model. This typically results in hypoelastic relation for 
representation of elastic response. These models are thus referred herein to as the additive hypo-
elasto-plasticity models. The additive approaches include the classical theories employing 
conventional corotational objective stress rates, such as the Jaumann and Green-Naghdi rates [7–
14], and more recently developed logarithmic rate [2,15–18]. The multiplicative hyper-elasto-
plasticity models are based on the assumption that the total deformation gradient is multiplicatively 
decomposed into the elastic and plastic deformation gradients [19–23]. Due to their adoption of 
hyperelastic relations in representing elastic response, these models are referred herein to as the 
multiplicative hyper-elasto-plasticity models. Noteworthy are other additive variants based on the 
additive decompositions of the Green-Lagrange strain [24–27], the Biot strain [27, 28] and the 
logarithmic strain [30–32] into elastic and plastic parts. 
The additive hypo-elasto-plasticity models are widely if not exclusively adopted in commercial 
finite element codes due to simplicity of implementation and the fact that small deformation 
material models can be reused for large deformation problems within the widely adopted 
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corotational framework. Models based on the additive decomposition of the rate of deformation 
tensor, however, are known to suffer from a number of shortcomings. In the additive hypo-elasto-
plasticity models, the elastic rate of deformation tensor is related to an objective stress rate whose 
definition is not unique [12,33–36]. To address the multiplicity issue, an appropriate choice of the 
objective stress rates is required to satisfy certain consistency requirements (other than the frame-
invariance) imposed on the additive hypo-elasto-plastic split. One of the earliest and well-known 
consistency requirement is the Prager’s yield stationarity criterion [37,38]. This criterion brings 
about the preference of the corotational objective stress rate formulation [39]. Consequently, 
corotational objective stress rates, such as the Jaumann rate and the Green-Naghdi rate, have been 
widely adopted in the additive hypo-elasto-plasticity formulations. Some abnormal responses 
exhibited by these models, however, suggested for the need of additional consistency conditions 
to further narrow down the choice of objective stress rates. These abnormalities include the 
oscillatory stress response in the simple shear problem in the context of the most commonly used 
Jaumann rate [11,40,41] and the non-physical energy dissipation during pure elastic deformation 
[42,43]. 
As a remedy, Bruhns [2] proposed a self-consistency condition stating that an additive hypo-elasto-
plasticity model should produce a dissipation-free hyperelastic response in the absence of plastic 
flow. The corotational logarithmic rate [1,44–46] was accordingly adopted since a hypoelastic 
model with constant material stiffness can be integrated to obtain a hyperelastic model provided 
that the logarithmic rate is employed [47,48] (see [49,50] for another remedy combining the 
Jaumann rate and hyperelastic relation). As a result, the corresponding elastoplastic models are 
capable of representing energy dissipation-free elastic responses within the initial pure elastic 
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range prior to yield. In addition, the use of logarithmic stress rate rather than the classical Jaumann 
stress rate, eliminates the oscillatory stress response in the simple shear problem [1,2]. For this 
reason, many constitutive relations based on the logarithmic stress rate have been developed in the 
past two decades [2,15–17,51–59]. 
In the present chapter we first study the performance of the objective logarithmic stress rate based 
formulation on the elastic response in the post-failure regime. In fact, any unloading process after 
the initial yield should also be elastic and therefore free from energy dissipation according to the 
aforementioned self-consistency condition. A natural question may thus arise of whether the 
additive hypo-elasto-plasticity models based on the objective logarithmic stress rate are still elastic 
and dissipation-free throughout the unloading processes? We demonstrate that the logarithmic 
stress rate formulation [2,51–55,60] dissipates energy throughout the “elastic” process following 
unloading from the initial yield. The self-consistency condition is therefore not completely fulfilled 
with the logarithmic rate employed in the additive hypo-elasto-plasticity models. This has been 
first illustrated on a model problem in which loading, unloading and cyclic reloading are applied 
sequentially. The observed abnormal response, herein referred to as the unloading stress 
ratchetting, reveals a nonphysical energy dissipation during unloading processes after yield. The 
cause of the abnormal response is examined. It is shown that the spin tensor associated with the 
logarithmic stress rate is not integrable in the sense that the resulting rotation tensor is deformation-
path-dependent. This fact is shown to be responsible for the unloading stress ratchetting. 
To alleviate the unloading stress ratchetting and moreover achieve complete fulfillment of the self-
consistency conditions, a new spin tensor, hereafter referred to as the stress-dependent or kinetic 
logarithmic spin is proposed. On one hand, the kinetic logarithmic spin, obtained through a simple 
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modification made to the logarithmic spin, coincides with the logarithmic spin prior to yield and 
therefore inherits its remarkable integrability properties in the initial elastic regime. On the other 
hand, the stress response in the post-yield unloading regime is no longer influenced by the 
deformation-path-dependent rotation tensor due to the consideration of the stress-free intermediate 
configuration. The response is shown to be independent of the deformation path and, moreover, 
free from energy dissipation. 
We further show that the additive hypo-elasto-plasticity formulation based on the proposed kinetic 
logarithmic spin tensor possesses weak invariance of the elastoplastic constitutive relations under 
the isochoric change of the reference configuration. The notion of the weak invariance of a simple 
material in the sense of Noll [3] has been recently introduced by Shutov and Ihlemann [18] as an 
extension of Noll’s strong invariance [61]. It has been demonstrated in [18] that (i) except for those 
employing the Jaumann rate, none of the additive hypo-elasto-plasticity corotational formulations 
including the logarithmic stress rate based models are, unfortunately, weakly invariant under 
isochoric reference change, and (ii) only the framework of multiplicative hyper-elasto-plasticity 
can be formulated under certain conditions to be weakly invariant. 
The chapter is organized as follows. In Section 2.2, a brief review of the existing additive hypo-
elasto-plasticity models is presented. The nonphysical behavior of the objective logarithmic stress 
rate is illustrated in an unloading stress ratchetting obstacle test and the cause of it is discussed in 
Section 2.3. The objective kinetic logarithmic stress rate is introduced in Section 2.4 to alleviate 
nonphysical behavior in the post-yield unloading regime. In Section 2.5, we show that such a 
modification renders the additive elastoplastic models based on the kinetic logarithmic stress rate 
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weakly invariant under isochoric reference change. Conclusions are drawn in Section 2.6. 
Algorithmic details are given in Appendix A. 
2.2 Survey of existing additive hypo-elasto-plasticity models 
2.2.1 Kinematics 
Consider a deformable body whose initial configuration is denoted by 0  in a three-dimensional 
Euclidean space. 3 .. Each particle of the body can be identified with its initial position vector X . 
Let x  denote the position vector of a particle X  in the current deformed configuration   of the 
body. The motion or deformation of the body can thus be described as a mapping  , tx x X  








  (2.1) 
with its determinant restricted to positive values, i.e.  det 0J  F . In light of the polar 
decomposition, the tensor F  can be decomposed as  
  F = R U =V R   (2.2) 
where R  is a proper orthogonal tensor; U  and V  are symmetric second order tensors known as 
the right and left stretch tensors, respectively. The right and left Cauchy-Green deformation tensors, 
denoted as C  and B , respectively, are defined as 
 
T 2 T 2,      C F F U B F F V   (2.3) 
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  (2.4) 
The rate of deformation tensor D  and the vorticity, or Jaumann spin, tensor W  are the symmetric 
and skew-symmetric parts of the velocity gradient, respectively, denoted as 




  D L L L   (2.5) 




  W L L L   (2.6) 
2.2.2 Additive decomposition of the rate of deformation tensor 
The main hypothesis behind the finite strain additive hypo-elasto-plasticity is the additive 
decomposition of the rate of deformation tensor 
 e pˆ ˆD = D D   (2.7) 
where eDˆ  and 
p
Dˆ  denote the elastic and plastic parts of the rate of deformation tensor D , 
respectively. The stress power with respect to the initial configuration can be expressed as 
 :p  τ D   (2.8) 
where τ  is the Kirchhoff stress defined by the product of the Cauchy stress σ and the deformation 
gradient determinant J , i.e. Jτ σ . The assumption (2.7) can be therefore expressed in the form 
of the additive decomposition of the stress power p   
 
e p
e pˆ ˆ: :
p p
p  τ D τ D  (2.9) 
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where ep  and pp  denote the elastic and plastic parts of the stress power p , respectively. The 
additive split (2.9) of the stress power states the stress power can be decomposed into a 
conservative (recoverable) and dissipative (irrecoverable) parts [5]. For an elastoplastic 
deformation in the context of purely mechanical response, which is the focus of the present 
dissertation, the conservative part of the stress power contributes to the rate of change of the elastic 
energy while the dissipative part characterizes the rate of energy dissipation. 
2.2.3 Classical formulations of finite strain additive hypo-elasto-plasticity 
An elastic domain is defined in the space of the Kirchhoff stress τ  as 
  , , 0  τ α   (2.10) 
where α , termed the back stress, is an objective Eulerian stress-like variable that describes 
kinematic hardening;   is a scalar variable for isotropic hardening. Both α  and   are regarded 
as internal variables. The domain in which equation (2.10) is satisfied is referred to as elastic 
domain in the sense that its interior points represent stress states which do not induce any plastic 
flow. The yield condition is thus expressed as the following boundary surface of the elastic domain: 
  , , 0  τ α   (2.11) 
The elastic part eDˆ  of the rate of deformation tensor is related to the Kirchhoff stress τ  via the 
hypoelastic relation 
   eˆ:τ = τ D   (2.12) 
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where  τ  is a fourth-order stiffness tensor that may depend on stress τ ; τ  is an objective rate 
of the Kirchhoff stress τ . Let  τ  denote the fourth-order compliance tensor, which is the 
inverse of the stiffness tensor  τ  satisfying  
     s: τ τ   (2.13) 
s  in (2.13) is the fourth-order symmetric identity tensor whose components in the Cartesian 
coordinate system are  s
1
2
ijkl ik jl il jk     . The hypoelastic relation (2.12) can then be written 
in the following alternative form: 
  eˆ : D = τ τ   (2.14) 
The plastic part pDˆ  of the rate of deformation tensor is determined by the flow rule 
 







  (2.15) 
where the scalar-valued function  , ,p τ α  represents the flow potential and   the plastic 
multiplier [62] or consistency parameter [63].  
The evolution equations of the back stress α  and the isotropic hardening parameter   can be 
expressed as 
  , , α A τ α   (2.16) 
  , ,K   τ α   (2.17) 
where  , ,A τ α  is a symmetric second-order tensor valued function and α  an objective stress 
rate of the back stress α ;  , ,K τ α  is a scalar valued function. 
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The plastic multiplier   is assumed to satisfy the Kuhn-Tucker complementarity conditions 
    , , , 0, , , 0         τ α τ α   (2.18) 
and the consistency requirement  
  , , 0  τ α   (2.19) 
2.2.4 Considerations of choice of objective stress rates 
In principle, there are infinite number of ways to define objective stress rates [64,65]. The 
elastoplastic model outlined in Section 2.2.3 is incomplete without defining an objective stress rate 
in (2.12) and (2.16). There are two main considerations in adopting a specific objective stress rate. 
First, by the Prager’s consistency criterion [37,38], the objective stress rates in (2.12) and (2.16) 
should (i) be identical and (ii) corotational [39,66]. The corotational rate of an objective Eulerian 
second-order tensor T  can be written as 
    T = T Ω T +T Ω   (2.20) 
where Ω , termed the spin tensor, is a skew-symmetric second-order tensor satisfying T Ω Ω . 
The most commonly used corotational objective stress rates are the Jaumann and Green-Naghdi 
rates. The spin tensors corresponding to the Jaumann and Green-Naghdi rates (respectively 
denoted by JΩ  and GNΩ  herein) are defined as 
 J Ω W   (2.21) 
 GN T Ω R R   (2.22) 
Secondly, the physical soundness of the additive split of the stress power in (2.9) requires the 
energy dissipation to be absent whenever the plastic part of the rate of deformation vanishes, i.e. 
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pˆ 0D . This is referred to as a self-consistency condition by Bruhns et at. [2]. It is evident that 
vanishing pDˆ  indicates vanishing plastic multiplier (i.e.    ) as described in Section 2.2.3. This 
in turn reduces the elastoplastic relations to  
   :τ = τ D   (2.23) 
 0α   (2.24) 
      (2.25) 
Consequently, the hypoelastic relation (2.23) should represent purely elastic response [2,39,48]. A 
proper objective stress rate is thus necessary to prevent energy dissipation resulting from (2.23). 
2.2.5 Integrability of the hypoelastic equation and the logarithmic rate 
The considerations above necessitate adoption of corotational stress rates that render the 
hypoelastic equation (2.23) capable of representing elastic response that is free from energy 
dissipation. 
In fact, it is possible to integrate the rate form relation (2.23) to obtain an equivalent elastic form 
that explicitly represents elastic response prior to yield provided that certain conditions are 
satisfied. These conditions have been pointed out by Bernstein [67,68] in the context of the 
Jaumann rate in (2.23) as the Bernstein’s integrability criterion. It is, however, far from being 
trivial to obtain the fourth-order tensor valued function  τ  that fulfills Bernstein’s integrability 
criterion.  
Another noteworthy consideration is that the relation (2.23) is usually applied with constant 
stiffness tensor  that is independent of the stress τ  and thus renders the hypoelasticity model of 
grade zero. However, it has been demonstrated by Simo and Pister [43] that such a hypoelastic 
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model of grade zero is not able to represent an elastic response with commonly known objective 
stress rates. This can be readily observed from a nonphysical stress ratchetting response, i.e. 
accumulation of residual stresses that accompanies each cycle throughout a cyclic deformation 
path, which results from these hypoelastic models and exhibits obvious inconsistency with the 
notion of elasticity [69–73]. 
The above elastic integrability issue of the classical hypoelastic model has been successfully 
addressed by a relatively recent discovery of the logarithmic corotational rate [1,44–46,64]. The 
corresponding logarithmic spin tensor logΩ  is defined so that the following relation holds: 




     D V V Ω V V Ω   (2.26) 
where lnV  is the Hencky (or logarithmic) strain;  
D
Dt
 and   log

 denote the material derivative 
and the logarithmic corotational rate, respectively.  
With the logarithmic stress rate, the general hypoelastic relation (2.23) is written as:  
   log:

D = τ τ   (2.27) 
where log

τ  denotes the logarithmic stress rate of the Kirchhoff stress and the relation (2.13) has 
been utilized. 
It can be shown that (2.27) can be integrated to represent an elastic response prior to yield if the 







  (2.28) 
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where  c τ  denotes a scalar valued isotropic function of the Kirchhoff stress τ  that represents 
the complementary energy potential of a hyperelastic material. The integrability criterion (2.28) 
appears to be more succinct than the general Bernstein’s integrability criterion. The salient feature 
of the logarithmic stress rate stems from the fact that the condition (2.28) permits the use of the 
hypoelastic model of grade zero featuring the most commonly used constant compliance and 
stiffness tensors if the Hencky’s hyperelasticity model [74] is considered. In this case the 
complementary energy potential can be written as 












τ τ τ τ   (2.29) 
where   and   are the Lamé constants;  tr  denotes the trace of the corresponding tensor. In 






   
    
 
I I   (2.30) 
 
H s2    I I   (2.31) 
with I  denoting the second-order identity tensor. Given (2.31), the hypoelastic relation (2.23) can 
be integrated to obtain the well-known Hencky’s elastic constitutive equation 
  H: ln tr ln 2 ln   τ V V I V   (2.32) 
for the elastic regime prior to yield. It is noteworthy that the Hencky’s hyperelasticity model has 
demonstrated competence in representing hyperelastic responses of a wide class of materials 
undergoing moderately large deformation [75]. 
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2.2.6 The logarithmic spin 
Being one of the corotational rates, the logarithmic rate of an Eulerian second-order tensor T  is 
defined by (2.20) with the spin tensor expressed as [1,2] 
  log , Ω W W B D   (2.33) 
where  ,W B D  is a skew-symmetric second-order tensor, which is a function of the left Cauchy-
Green deformation tensor B  and the rate of deformation tensor D , given by 









  W B D P D P   (2.34) 
where m  is the number of distinct eigenvalues of B ; b  is the th  distinct eigenvalue of B  and 
P  the corresponding eigenprojection (see Appendix B or [76] for the definition and properties of 








b b b b
 
 




  (2.35) 
In addition, considering the expression (B.9) of eigenprojections in Appendix B, the function 
 ,W B D  can be further expressed as 
    
     
1 2 3
0 1 2 3
2 2
1 2 3 1 2 3 1
0,
, 2 skw ,
2 skw skw skw ,
b b b
c b b b




    

            
W B D B D
B D B D B D B
  (2.36) 
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where  skw  denotes the skew-symmetric part of the corresponding second-order tensor; ib  
 1,2,3i  denote the three eigenvalues of the left Cauchy-Green deformation tensor B ; the scalar 
parameters ic   0,1,2,3i   are expressed as 
 
 
   
1 2
0





b b b b b b
 
     




















       
   (2.38) 
with 
 
   2 3 3 1 1 2
1 2 3 2 3 1 3 1 2, ,
b b b b b b
b b b b b b  
    

    
  (2.39) 
2.2.7 Unloading stress ratchetting obstacle test 
Due to its merits in constructing dissipation-free hypoelastic relations as described in Section 2.2.5, 
the logarithmic stress rate has been frequently applied in various constitutive models based on 
additive hypo-elasto-plasticity [2,15–17,51–60]. In these models, the relation (2.12) is usually 
employed with the logarithmic stress rate log

τ  of the Kirchhoff stress appearing on the left-hand 
side of the equation to describe the elastic response. It is evident that such a relation is capable of 
representing dissipation-free response within initial pure elastic range prior to yield as long as the 
condition (2.28) is satisfied [5]. The physical soundness of the stress power split (2.9) is therefore 
guaranteed at least in the initial elastic regime where the plastic flow pDˆ  is absent, indicating the 
total stress power . p . must be conservative. Hence a natural question arises as to whether the 
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hypoelastic model (2.12) remains energy dissipation-free after the initiation of plastic flow, which 
is often the case in the post-yield regime. 
In the following model problem, herein referred to as the unloading stress ratchetting obstacle test, 
we will investigate the post-yield response of the hypoelastic model (2.12) in the context of the 
logarithmic stress rate formulation (2.33)-(2.39). 
The self-consistent additive hypo-elasto-plasticity model [2] based on the J2 flow theory is 
employed in the model problem. The yield condition in (2.11) is thus of the Von Mises type: 
    , ,      τ α τ α   (2.40) 




  T T T I  denotes the deviatoric 
part of a second-order tensor T . Considering the stiffness tensor in (2.31), the hypoelastic relation 
(2.12) is written as 
  log e eˆ ˆtr 2   τ D I D   (2.41) 
The following associative flow rule is considered herein 
 
   
 
p




τ α τ α
D
τ τ α
  (2.42) 
Consider the Armstrong–Frederick model [77] for kinematic hardening of the back stress α  
 log pˆc b

 α D α   (2.43) 
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where the scalars c  and b  are kinematic hardening parameters. When 0b  , the Armstrong–
Frederick model reduces to the classical linear kinematic model. The evolution of the state variable 
  for the isotropic hardening is assumed as 
 K    (2.44) 
where the scalar K  is an isotropic hardening modulus. The initial value of the state variable   is 
2
3 y
  with 
y  denoting the yield stress. 
 
Figure 2.1. Schematics of the three stages of the deformation in the unloading stress 
ratchetting obstacle test 
In the unloading stress ratchetting obstacle test, a 1 1  block of material is subjected to a 
homogeneous deformation history consisting of 3 stages as shown in Figure 2.1. At first, the block 
is stretched along the vertical direction. Once the block height reaches 3h   at time instant 2st  , 
the block starts to return to its initial configuration along the same deformation path as stage one. 
After the block reaches its initial configuration at time instant 4st  , the third stage of deformation 
starts by subjecting the block to a cyclic deformation path. In this stage, the bottom edge of the 
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block is fixed as before while each material point on the upper edge moves along a circular path. 
The motion path of a material point at the upper right corner of the block is shown by a grey dashed 
circle in Figure 2.1. The radius of the circular path is 0.7r   and the rate of change of the angle 
  is rad s    . Thus the period of the cyclic deformation is 2s. 
The components of the deformation gradient in the Cartesian coordinate system shown in Figure 








     
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   
   
      
F   (2.47) 
The material parameters are listed in Table 2.1 where E  and   denote the Young’s modulus and 
the Poisson’s ratio, respectively. 
Table 2.1. Material parameters 
E      y   c   b  K   
111.95 10   0.3   109 10   104 10   0  106 10  
 
The stress response of the material block is computed through the numerical integration detailed 
in Appendix A.1. 
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We will also investigate the ability of the additive hypo-elasto-plasticity formulation based on the 
logarithmic stress rate to predict the total amount of plastic energy dissipation, or so-called plastic 
work pW , defined by 




W t ds  τ D   (2.48) 
Figure 2.2 depicts the stress response and plastic work of the elastic-perfectly plastic material block, 
which is modeled using vanishing hardening parameters, i.e. 0c b K   . It can be seen that 
stress ratchetting appears at 4st   (especially for the shear components) right after the material 
block starts undergoing the cyclic deformation path. The plot of the normalized plastic work 
( p
YW  ) in Figure 2.2, however, suggests that plastic dissipation does not occur until certain 
amount of time has elapsed since the beginning of the cyclic deformation at 4st    (marked by 
yellow background in Figure 2.2). This means that there is no plastic flow ( pˆ 0D ) and the 
material behavior is governed only by the relation (2.23) with the logarithmic stress rate adopted. 
It is, nevertheless, within this period of time that the material block experiences the first two cycles 
of the deformation path  4s 8st   exhibiting stress ratchetting.  
For comparison purposes, the stress responses for a purely hypoelastic material block subjected to 
the same deformation history (as illustrated in Figure 2.1) are shown in Figure 2.3. The material 
parameters, E  and  , for the logarithmic stress rate based hypoelastic relation are the same as 
those in Table 2.1. Such hypoelastic relation has been shown to be elastic and free from energy 
dissipation in Section 2.2.5. In fact, the stress responses exhibit perfect periodicity during cyclic 
loading  4st   as shown in Figure 2.3. The absence of stress ratchetting is consistent with the 
notion of elasticity.  
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In contrast, the response of elastoplastic block to cyclic loading (Figure 2.2) contradicts the notion 
of elasticity. For the formulation to be physically sound in the sense of (2.9), there should be no 
stress ratchetting which is inconsistent with the notion of elasticity in absence of plastic dissipation; 
the stress ratchetting, as most obviously evidenced by the response of the shear component 12 , 
does take place without any plastic dissipation. The conclusion can thus be drawn that the 
hypoelastic relation (2.27) based on the logarithmic stress rate can no longer guarantee dissipation-
free response without plastic flow once the initial yield takes place. Moreover, as observed from 
the evolution of plastic work in Figure 2.2, the nonphysical unloading stress ratchetting may even 
incur plastic flow and therefore plastic dissipation in the subsequent cycles once sufficient residual 
stresses have been accumulated to satisfy the yield condition. 
Figure 2.4 shows the stress response and plastic work for an elastoplastic block with both isotropic 
and kinematic hardening (with the hardening parameters listed in Table 2.1). In comparison to 
elastic-perfectly plastic material block, there are more cycles without plastic flow, but with 
unphysical stress-ratchetting. This may be attributed to the hardening models that enlarge and shift 
the yield surface in the stress space after yield occurs in the initial loading stage  0s 2st  . 
More loading cycles are therefore needed in the cyclic loading phase  4st   to accumulate 
sufficient residual stresses to expand and shift the yield surface. This is shown by a wider yellow 
area in Figure 2.4 compared to that in Figure 2.2. 
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Figure 2.2. Stress responses and plastic work of the elastic-perfectly plastic material block  
 















































Figure 2.3. Stress responses of the pure hypoelastic material block 
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Figure 2.4. Stress responses and plastic work of the elasto-plastic block with isotropic and 
kinematic hardening 

























































Chapter 2. Additive Hypo-Elasto-Plasticity Models Based on the Kinetic Logarithmic Stress Rate 
30 
2.3 Path dependency of the logarithmic rotation tensor 
In this section, the cause of the unloading stress ratchetting observed in the previous section is 
investigated. It is shown that such nonphysical responses are attributed to the deformation path 
dependency of the rotation tensor associated with the logarithmic spin. 
2.3.1 Integration of the hypoelastic equation based on the logarithmic rate  
Unloading process is characterized by vanishing plastic flow, i.e. pˆ 0D  and therefore eˆD D . 
For this reason, unloading responses are governed by the relation (2.27) along with (2.28) for a 
hypo-elasto-plasticity model based on the logarithmic stress rate. The unloading stress responses 
resulting from (2.27) can be better understood if the rate equation is written in an integrated form, 
which is the focus of this section. 
Due to the isotropy of the scalar valued function  c τ  in (2.28), the following relation holds 
    Tc c   Q τ Q τ   (2.49) 
for any orthogonal tensor Q  which satisfies 
T Q Q I . 







  (2.50) 
According to the isotropic property of  c τ  described in (2.49), the second-order tensor valued 
function  kh τ  is also isotropic in the sense that 
    k T k T    h Q τ Q Q h τ Q   (2.51) 
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for any orthogonal tensor Q . In addition, the fourth-order tensor valued function  τ  in (2.28) 
is also isotropic with respect to τ  satisfying 
      T T T: :        τ Q T Q Q Q τ Q T Q   (2.52) 
for any orthogonal tensor Q  and symmetric second-order tensor T . As a skew-symmetric second-
order tensor, the logarithmic spin logΩ  can be expressed as 
 log log log T Ω Q Q   (2.53) 
where logQ  is a proper orthogonal tensor and is referred to as the logarithmic rotation tensor. 
Combining (2.53) and (2.26), the following relation holds 
  log log T log log Tln
D
Dt
    D = Q Q V Q Q   (2.54) 
Similarly, the logarithmic rate log

τ  of the Kirchhoff stress can be expressed as 
  log log log T log log T
D
Dt
      τ Q Q τ Q Q   (2.55) 
Inserting (2.54) and (2.55) into (2.27) yields 
      log log T log log T log log T log log Tln :
D D
Dt Dt
            
 
Q Q V Q Q = τ Q Q τ Q Q    (2.56) 
Since  τ  satisfies (2.52), (2.56) can be rewritten as 
      log T log log T log log T logln :
D D
Dt Dt
       Q V Q = Q τ Q Q τ Q   (2.57) 
Due to (2.28) and (2.50), the right-hand side of (2.57) can be written as 
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   
   
2
c c k logT k log:
D D D
Dt Dt Dt
   
           
τ τ
τ h τ Q h τ Q
τ τ τ
  (2.58) 
where logT log τ = Q τ Q  and the isotropic property (2.51) of  kh τ  is utilized.  
Let us assume that the plastic multiplier     at  0 1,t t t  . Consequently, equation (2.57) (or 
equivalently (2.27)) holds for  0 1,t t t  . After integrating (2.57) in conjunction with (2.58) from 
0t t  to 1t t , we obtain 
    log T log log T k log log T log log T k log1 1 1 1 1 1 0 0 0 0 0 0ln ln
            Q V Q Q h τ Q = Q V Q Q h τ Q   (2.59) 
where log
0Q  and 0V  denote the logarithmic rotation tensor and the left stretch tensor at time 0t ; 
log
1Q  and 1V are the corresponding counterparts at time 1t . Denoting an incremental logarithmic 
rotation by log log log T
1 0
  Q Q Q , equation (2.59) can be written as 
    k log k log T1 1 0 0ln ln
       V h τ Q V h τ Q   (2.60) 
Note that in the initial elastic range prior to yield,  klnV = h τ . This can be shown by simply 
assuming the material is in the stress-free initial configuration at 0t t  and therefore remains in 
the initial elastic range at 1t t  because     for  0 1,t t t  . In this case  
k
0 0ln 0 V h τ  and 
(2.60) results in  k1 1ln V h τ . However, once the yield have already occurred at a time 0t t , we 
usually have  k0 0ln 0 V h τ  and the difference is not necessarily isotropic. This is the case in 
the unloading stress ratchetting obstacle test at 04t s t   when the cyclic deformation starts. 
Equation (2.60) relates two conservative (path-independent) second order tensors, i.e. 
 kln n nV h τ  computed with 0,1n  , by orthogonal transformation 
logTQ . In Section 3.2, we 
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will show that the orthogonal transformation logTQ  is path-dependent and thus equation (2.60) 
can be only satisfied if and only if 1τ is path-dependent. 
2.3.2 Illustration of the path dependency of the logarithmic rotation tensor 
Two examples considered in this section illustrate the path dependency of the logarithmic rotation 
tensor logQ  as defined in (2.53). 
In two-dimensional problems, the components of an orthogonal tensor logQ  in the Cartesian 












Q   (2.61) 
where the rotation angle log is a single independent variable determining the rotation tensor. Let 
the initial value of 













Ω  (2.62) 
In the first model problem, two deformation paths between the same initial and final configurations 









    
 
 
F   (2.63) 
The second deformation path is expressed as 
Chapter 2. Additive Hypo-Elasto-Plasticity Models Based on the Kinetic Logarithmic Stress Rate 
34 
 
   




3 cos 1 sin 11
, 1 2









   
 
 
              
           
F   (2.64) 
For Path 1, it is trivial to show that the rotation angle does not change, i.e. 
 log 0, 2t       (2.65) 
Consequently, we have 
 
log 0    (2.66) 
which indicates no logarithmic rotation for this deformation path. 
As to Path 2, the same conclusion can be readily obtained for 1t   , i.e. 
 log 0, 1t       (2.67) 
For 1 2t  , the rate of deformation and vorticity matrices can be written as 
 
   
   
sin 1 cos 13





         
  
         





   
W   (2.69) 
The left Cauchy-Green deformation matrix B  is expressed as 
 
   
   
5 3cos 1 3sin 11





         
  
          
B   (2.70) 
The eigenvalues of B  are 1 4b   and 2 1b  . 
According to (2.33)-(2.39), the logarithmic spin matrix logΩ  is given by 





1 08 ln 2
   
       
Ω   (2.71) 









    
 
  (2.72) 








    
 
  (2.73) 
Thus, the Path 1 and Path 2 result in different logarithmic rotation tensors. 
 
Figure 2.5. Logarithmic rotation angle in the material block shown in Section 2.2.7 
In the second model problem, the logarithmic rotation angle 
log  corresponding to the logarithmic 
rotation tensor logΩ  of the material block in Section 2.2.7 is investigated through the numerical 
integration introduced in Appendix A.2. The logarithmic rotation angle vs. time response is shown 
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in Figure 2.5. It can be seen that after each full deformation cycle a residual value of the rotation 
angle is accumulated.  
The above two model problems clearly demonstrate the path dependency of the logarithmic 
rotation tensor logQ , which gives rise to the path dependency and thus unloading ratchetting of the 
stress as observed in the previous section. 
2.4 Kinetic logarithmic spin 
A modification is proposed to the self-consistent additive hypo-elasto-plasticity model [2] in order 
to eliminate the unloading stress ratchetting. It will be shown that the modification renders the 
hypo-elasto-plasticity model capable of characterizing energy dissipation-free responses not only 
within the initial elastic range but at any instance of the deformation processes in absence of plastic 
flow, i.e. whenever pˆ 0D . 
2.4.1 Formulation of the kinetic logarithmic spin 
A closer look at the definition (2.33) of the logarithmic spin logΩ , suggests that logΩ  depends on 
a reference configuration since the left Cauchy-Green deformation tensor B  in (2.33) necessitates 
a reference definition. This reference configuration is evidently the initial configuration 0  
according to the definitions of B  and F  in (2.3) and (2.2), respectively. Consequently, the hypo-
elastic relation (2.12) and the back stress evolution (2.16), both containing the logarithmic stress 
rate, depend on B  and therefore the initial configuration 0 . In fact, the fluid-like characteristic 
of plasticity, the Schmid’s slip criterion and the hardening mechanism would all imply that it is 
the current stress along with its rate and the state variables that constitute the physical cause of the 
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plastic deformation and state change [5]. Thus, formulating finite deformation elasto-plasticity 
models with respect to any fixed reference configuration (e.g. 0 ) is questionable. 
Moreover, in conjunction with the deformation path dependency of the logarithmic rotation tensor 
log
Q  (see Section 2.3), the reference configuration dependency of the logarithmic stress rate results 
in the unloading stress ratchetting illustrated in Section 2.2.7. In fact, the relation (2.60), which is 
obtained by integrating the hypoelastic relation (2.27), can represent elastic behavior if 
 k0 0ln 0 V h τ  . In this case, (2.60) simply reduces to  
k
1 1ln V h τ  and the deformation path 
dependent logQ  has no effect on the relation. 0lnV  and 1lnV , however, have to be defined with 
respect to the same reference configuration as logΩ  so that (2.60) holds (see the proof of (2.26) in 
[1]). Since this reference configuration is the stress-free initial configuration,  k0 0ln  V h τ  is 
not necessarily zero once yield occurred at an earlier time 0t t . The spin tensor 
logΩ  may 
therefore be modified to eliminate its dependency on the initial configuration 0 . 
As a remedy, the following stress-dependent so-called kinetic logarithmic spin is proposed: 
   klog k , Ω W W B τ D   (2.74) 
where the left Cauchy-Green deformation tensor B  in the original definition (2.33) is replaced by 
a stress-dependent tensor kB  with the following definition: 
    
2
k k   B τ V τ   (2.75) 
and 
    k kexp    V τ h τ   (2.76) 
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where the symmetric second-order tensor valued function  kh τ  is already defined in (2.50) as 
the derivative of an isotropic scalar valued function  c τ  with respect to τ . In (2.76), the 










T E   (2.77) 
where m  is the number of unique eigenvalues of T  while
i  and iE  denote the thi  eigenvalue 
and eigenprojection of T , respectively.  kB τ ,  kV τ  and  kh τ  in (2.75) and (2.76) are 
referred to as the kinetic left Cauchy-Green deformation tensor, kinetic left stretch tensor and 
kinetic Hencky strain, respectively. 
It will be shown that the additive hypo-elasto-plasticity model based on the kinetic logarithmic 
spin is physically consistent in the sense that there is no energy dissipation both in the initial elastic 
range and throughout any unloading processes. 
Theorem 2.1. Given 0τ τ  and 0F F  at instant 0t t , then the hypo-elastic rate form 
   klog:

D = τ τ   (2.78) 













e k T 2
0   V F B F   (2.80) 
with 1
0
  F F F ,    k k k0 0 0exp 2    B B τ h τ , and  τ  defined in (2.28). 
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The above theorem is proved as follows. The relation (2.78) is assumed to hold throughout the 
time interval  0 1,t t . Let 1τ  and 1F  denote the values of the Kirchhoff stress τ  and the 
deformation gradient F  at the time instant 1t t , respectively. 






  x V F X   (2.81) 
with    k k k1 1 1exp     V V τ h τ . 
The proof of the relation (2.26) in [1] suggests that this relation holds with respect to arbitrary 
reference configurations. The rate of deformation D  can therefore be written as 
   log logln ln ln
D
Dt
   D = V Ω V V Ω   (2.82) 
with V  and 
logΩ  denoting the left stretch tensor and logarithmic spin with respect to the 
configuration  , respectively, which can be written as 
  
1
1 k T T 2
1 1 1
     V F F B F F   (2.83) 




1 1B V  and 
2B V .  
Taking time derivative of both sides of (2.51) and utilizing (2.52), yields 
        k k:       τ τ Ω Ω τ h τ Ω Ω h τ   (2.85) 
with 
T Ω Q Q  for arbitrary orthogonal tensor Q . Note that the relation    k:
D
Dt
τ τ h τ  is 
used in obtaining (2.85). 
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As a result, according to (2.82) and (2.85), (2.78) can be written as 
        log log k klog k k klogln ln ln
D D
Dt Dt
      V Ω V V Ω = h τ Ω h τ + h τ Ω   (2.86) 
At instant 1t , (2.86) can be written as 
        
1 1
log log k klog k k klog
1 1 1 1 1 1 1 1ln ln ln
t t t t
D D
Dt Dt 
      V Ω V V Ω = h τ Ω h τ + h τ Ω   (2.87) 
where log
1Ω , 1V  and 
klog
1Ω  denote the values of 
logΩ , V  and klogΩ  at instant 1t , respectively. 
Evaluation of (2.83) and (2.84) at instant 1t  yields  
  k k1 1 1exp     V V h τ   (2.88) 
 log klog
1 1Ω Ω   (2.89) 
The relation (2.87) is therefore reduced to 
    
1 1
kln
t t t t
D D
Dt Dt 
V = h τ   (2.90) 
In light of (2.76) and (2.75), (2.90) can be written as 
    
1 1
kln ln
t t t t
D D
Dt Dt 
  B = B τ   (2.91) 
According to Equation (29) in [78] (see also [1], [76] or Equation (3.53) in Lemma 3.2 ), (2.91) 
can be further written as 










   
   
   
        
   
 P B B τ P   (2.92) 
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where m  is the number of unique eigenvalues of k
1B  while b  and P  are the th  eigenvalue 
and eigenprojection, respectively (see Appendix B or [76] for the definition and properties of 






















  (2.93) 
Pre-multiplying and post-multiplying both sides of (2.92) by P  and P   , 1,...,m    yield 
    
1





   

 
        
 
P B B τ P   (2.94) 














  (2.95) 
Computing the summation in (2.94) for all the values of   and   yields 
 





, 1 1 1
k 0
m m m






   
      

        
                    
        
 
     
 
  P B B τ P P B B τ P
B B τ
  (2.96) 





P I  of eigenprojections is utilized. Based on (2.83), (2.96) can be further 
written as  




1 k T T 1 k T T




   

 
            
 
F F B F F F F B τ F F   (2.97) 
Consequently, the following expression is obtained 
  
1






    F B τ F   (2.98) 
Since 1t  is arbitrary, (2.98) holds at any instant whenever (2.78) holds. The following expression 
can therefore be obtained by integrating (2.98) from 0t  to the current instant t : 
        1 k T 1 k T0 0 0t t
       F B τ F F B τ F   (2.99) 
Rearranging of (2.99) yields the hyper-elastic relation (2.79), which completes the proof of 
Theorem 2.1. 
Remark 2.1. In the additive hypo-elasto-plasticity model based on the kinetic logarithmic stress 
rate, (2.78) and (2.79) hold whenever plastic flow is absent regardless of whether the yield has 
occurred. 
Remark 2.2. The hypo-elasticity model (2.27) based on the logarithmic stress rate in [1,2,47] can 
be regarded as a special case of that described in (2.78). In Theorem 2.1, let 0 0τ  and 0 F I . 









Substituting (2.80) into (2.74) yields klog logΩ Ω  suggesting that the kinetic logarithmic rate 
reduces to its original form within the initial elastic range. 
Remark 2.3. An alternative to equation (2.74) is to define the spin with respect to the axes of 
plastic anisotropy. Deformation induced plastic anisotropy may arise, for instance, as a result of 
formation of crystallographic textures and residual stresses introduced by nonhomogeneous 
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deformation (or so-called Bauschinger effect). To deal with the deformation induced plastic 
anisotropy Besseling [79] introduced an orientation of an intermediate reference state by means of 
an orthogonal triad defining the directions of anisotropy or so-called substructure. For instance, in 
polycrystalline materials, directions of anisotropy are defined with respect to an average grain 
orientation [80]. Similar intermediate configurations in a slightly different framework, were 
proposed by Mandel [81], Dafalias [82], Kratochvil [83], Loret [84], Paulun and Pecherski [85], 
Van Der Giessen [86] and others. To distinguish between the spin of the material (as defined by 
W in the above references), and the spin of the triad defining the directions of anisotropy, or 
substructure, the concept of plastic spin tensor pWˆ  was introduced by Dafalias [82]. By this 
approach, the plastic spin is defined as the spin of the material relative to the direction of an 
anisotropy or substructure and thus W in (2.74) is replaced by 
e pˆ ˆ W W W , where assuming a 
simple flow rule (2.42), the plastic spin pWˆ is given [82,84,85,87] by  p pˆ ˆskw W α D . In this 
case the kinetic logarithmic spin is modified as 
   klog p kˆ ,  Ω W W W B τ D   (2.100) 
Micromechanical aspects of the internal state variable α  for a single crystal and polycrystal 
deformations among others were given in [80,86]. Dafalias [82] and Loret [84] considered   to 
be constant. For other variants of   see Paulun and Pecherski [85] and Aifantis [88]. 
Remark 2.4. In case of rigid plasticity with either isotropic or kinematic hardening, 
 k , 0W B D , which coincides with a substructure spin considered in several previous studies 
[82,85–87]. In absence of plastic spin, such a formulation with linear kinematic hardening (rather 
than Armstrong–Frederick kinematic hardening considered herein) gives rise to the classical stress 
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oscillation under (monotonic) simple shear. It is also instructive to point out that a multiplicative 
decomposition of the deformation gradient into elastic and plastic deformation gradients with 
linear kinematic hardening has been shown in [89] to exhibit similar stress oscillations. 
Remark 2.5. The numerical integration algorithm based on the kinetic logarithmic spin 
formulation is given in Appendix A.3. 
2.4.2 Verification of the kinetic logarithmic stress rate formulation 
We first study the kinetic logarithmic rate formulation in the unloading stress ratchetting obstacle 
test outlined in Section 2.2.7. The stress response and the plastic work are shown in Figure 2.6 for 
a perfectly plastic material. It can be seen that all three stress components exhibit periodic response 
during the cyclic deformation stage 4st  . There is no unloading stress ratchetting and no spurious 
plastic flow is induced. 
We now proceed to the classical simple shear problem for which the deformation gradient matrix 









F   (2.101) 
The material parameters are taken from Dettmer and Reese [89] and are summarized in Table 2.2. 
The stress responses normalized by 
y  are shown in Figure 2.7 and Figure 2.8 for elastic-perfectly 
plasticity ( 0c  and 0b  ) and elastoplasticity with kinematic hardening ( 81 10c   ), 
respectively. It can be seen in Figure 2.7 that the kinetic logarithmic rate formulation yields perfect 
plastic response for both the normal and shear stresses while the conventional logarithmic stress 
rate shows softening for the normal stress component. Figure 2.8a depicts shear stress responses 
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assuming linear kinematic hardening ( 81 10c    and 0b  ). Both the kinetic logarithmic rate 
formulation without plastic spin (    ) and the multiplicative hyper-elasto-plasticity formulation 
(Model A in [89]) give rise to an oscillatory shear stress response. It can be seen that by 
incorporating plastic spin pWˆ  with 
y    (see Remark 2.3 in Section 2.4.1) the oscillatory 
shear response vanishes, but subsequent stiffening is observed.  
The shear stress responses based on the Armstrong–Frederick kinematic hardening model are 
depicted in Figure 2.8b with the hardening parameters 81 10c    and 2.7b  . It can be seen that 
the kinetic logarithmic rate formulation and the multiplicative hyper-elasto-plasticity formulation 
give rise to very similar results with close stable values of the shear stress. 
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Figure 2.6. Stress response and plastic work as obtained with the kinetic logarithmic stress 
rate formulation for the perfectly plastic material block 
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Table 2.2. Material Parameters for the Simple Shear problem 
E    y  c  b  K  
82.2154 10  0.385  73.5 10  81 10  2.7  0  
 
 
                                       (a)                                                                         (b) 
Figure 2.7. Simple shear responses with elastic-perfectly plasticity: (a) normalized normal 
stress; (b) normalized shear stress 
 
                                      (a)                                                                        (b) 
Figure 2.8. Shear stresses in a simple shear problem assuming (a) linear kinematic hardening 
with and without plastic spin; (b) Armstrong–Frederick kinematic hardening (without plastic 
spin) 
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2.5 Weak invariance of the elastoplasticity model based on the kinetic 
logarithmic rate 
Herein we first introduce the notion of strong [61] and weak [18] invariance followed by a proof 
of weak invariance of the proposed additive elastoplasticity model based on the kinetic logarithmic 
rate with respect to an isochoric reference change. As a prelude, it is instructive to point out that 
with the exception of the Jaumann rate, which suffers from well-documented anomalies in a simple 
shear test, none of the common additive hypo-elasto-plasticity corotational models is weakly 
invariant under an arbitrary isochoric reference transformation as has been demonstrated in [18]. 
Consider a semi-infinite deformation history   , ( , ]s s t F  and let P be an arbitrary 
transformation of the reference configuration, such that  
    new 1s s F = F P   (2.102) 
 new sF  can be interpreted as a deformation gradient tensor with respect to a new reference 
configuration in which the position vector newX  satisfies 
 newd d X P X   (2.103) 
Noll [61] defined the (strong) invariance as 





σ = F FF F   (2.104) 





FF  denotes the response functional of the material. The strong invariance (2.104) 
under arbitrary isochoric transformations, i.e.  det 1P , of the reference implies a fluid-like 
material behavior. Describing the state of an elastoplastic solid, unlike fluid, requires specification 
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of a set of state variables herein denoted by 0  that define the state of the material at time 0t . In 
this case, a general constitutive relation of a simple material in the sense of Noll [3] can be written 
as  







σ = FF    (2.105) 
Following [18], the constitutive relation (2.105) is considered to be weakly invariant under an 
arbitrary isochoric change of the reference configuration provided that for any constant unimodular 
second-order tensor P  (i.e.  det 1P  ) there exist a new set of initial state variables new0  so that 
the following relation holds [18]: 





s t s t
s s
 
  F FF F   (2.106) 
with  new sF  defined in (2.102).  
It has been shown that the self-consistent additive hypo-elasto-plasticity model based on the 
logarithmic rate proposed in [2] can be written in the following compact form 
  log , , ,

τ T D τ α   (2.107) 
  log , , ,

α A D τ α   (2.108) 
  ˆ , , ,   D τ α   (2.109) 
Note that in [2] the set of state variables at the initial instant 0t  are defined as  
  0 0 0 0, ,Z  τ α   (2.110) 
with 0τ , 0α  and 0  denoting the values of τ , α  and   at the initial time instant 0t , respectively. 
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For elastic-perfectly plastic materials, both  , , ,A D τ α  and  ˆ , , , D τ α  vanish with α  and   
equal to zero and constant, respectively. In this case, equations (2.107)-(2.110) reduce to 
  log ,

τ T D τ   (2.111) 
  0 0Z  τ   (2.112) 
It has been demonstrated in [18] that the model described in (2.111) and (2.112) is not weakly 
invariant under isochoric change of the reference configuration. 
We will now show that the additive hypo-elasto-plasticity model based on the kinetic logarithmic 
rate outlined in Section 2.4, however, possesses such weak invariance. Following the same 
procedure as that in obtaining the compact form (2.107)-(2.109) in [2], it is shown that the plastic 
multiplier   in the model based on the kinetic logarithmic rate can also be expressed as 
  , , ,   D τ α   (2.113) 
With the expression (2.113) inserted into the flow rule (2.15), the compact form of the additive 
hypo-elasto-plasticity model based on the kinetic logarithmic rate is readily obtained as follows: 
  klog , , ,

τ T D τ α   (2.114) 
  klog , , ,

α A D τ α   (2.115) 
  ˆ , , ,   D τ α   (2.116) 
The definition (2.74) leads to the following expression of the kinetic logarithmic spin: 
  k log k log , ,Ω Ω W D τ   (2.117) 
Considering the definition (2.20) of the corotational rate along with (2.117), the kinetic 
logarithmic rates of the Kirchhoff stress τ  and the back stress α  are given by 
Chapter 2. Additive Hypo-Elasto-Plasticity Models Based on the Kinetic Logarithmic Stress Rate 
51 
  klog , ,

τ = τ + Z W D τ   (2.118) 
  klog , , ,

α = α+C W D τ α   (2.119) 
where  , ,Z W D τ  and  , , ,C W D τ α  are second-order tensor valued functions. 
Substituting (2.118) and (2.119) into (2.114) and (2.115), respectively, the following compact 
form is obtained for the additive hypo-elasto-plastic model based on the kinetic logarithmic stress 
rate: 
  , , , ,τ T W D τ α   (2.120) 
  , , , ,α A W D τ α   (2.121) 
  ˆ , , ,   D τ α   (2.122) 
  0 0 0 0, ,Z  τ α   (2.123) 
where  , , , ,T W D τ α  and  , , , ,A W D τ α  are second-order tensor valued functions. The 
relations (2.120)-(2.122) constitute a system of ordinary differential equations with the initial 
conditions given by (2.123). 
We will now show that the constitutive relation described by (2.120)-(2.123) is weakly invariant 
under isochoric reference change. Let us assume that the reference configuration is subjected to an 
isochoric transformation described by (2.103). The deformation gradient with respect to the new 




new new new 1

    L F F F F L   (2.124) 
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Consequently, in this case the new vorticity newW  and rate of deformation 
new
D tensors are given 
by 
  new newskw W L W   (2.125) 
  new newsym D L D   (2.126) 
where  sym  and  skw  denote the symmetric and skew-symmetric parts of the corresponding 
second-order tensor, respectively. Equations (2.125) and (2.126) suggest that the ordinary 
differential equations (2.120)-(2.122) remain the same after the isochoric change of the reference 
configuration. The same solution is obtained if the corresponding initial conditions are identical to 
those given in (2.123), i.e. 
 new
0 0Z Z   (2.127) 
Consequently, the new Kirchhoff stress newτ  satisfies 
 new τ τ   (2.128) 
In addition, the unimodular tensor P  leads to the following identity 
    new newdet detJ J= F = F   (2.129) 
The relations (2.128) and (2.129) suggest that the Cauchy stress is not influenced by the reference 
change, i.e. 
 new σ σ   (2.130) 
with newσ  denoting the Cauchy stress obtained by the model with the isochoric change of the 
reference configuration. 
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We conclude that the additive hypo-elasto-plasticity model (2.120)-(2.123) based on the kinetic 
logarithmic rate is weakly invariant under the arbitrary isochoric change of the reference 
configuration. 
2.6 Conclusions 
An additive hypo-elasto-plasticity model based on the logarithmic stress rate has been shown to 
give rise to nonphysical energy dissipation in the form of unloading stress ratchetting in the post-
yield unloading regime. The reason for such a physical inconsistency stems from the fact that the 
spin tensor associated with the logarithmic stress rate is not integrable. This fact renders the 
resulting logarithmic rotation tensor to be deformation-path-dependent, and in turn, causes the 
unloading stress ratchetting.  
To alleviate the unloading stress ratchetting a stress-dependent kinetic logarithmic spin tensor has 
been introduced. The kinetic logarithmic spin tensor and the corresponding objective stress rate 
have been shown to possess the weak invariance of constitutive equations under the isochoric 
reference change. 
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Chapter 3  
A Link between Multiplicative Hyper-Elasto-
Plasticity and Additive Hypo-Elasto-Plasticity 
Models: the Modified Kinetic Logarithmic Spin 
Through two theorems presented in this chapter, we prove and subsequently demonstrate in 
several numerical examples involving homogeneous deformation that for isotropic materials, 
hyper-elasto-plasticity models based on the multiplicative decomposition of deformation gradient 
coincide with additive hypo-elasto-plasticity models that employ the modified kinetic logarithmic 
stress rate. In the absence of strain-induced anisotropy (characterized by kinematic hardening 
herein), this objective stress rate coincides with the kinetic logarithmic rate developed in Chapter 
2. We also show that other well-known additive decomposition models, such as those based on the 
Jaumann and logarithmic rates, may considerably deviate from the multiplicative model. This 
chapter is reproduced from the paper under review [90] coauthored with Professor Jacob Fish 
whose inputs are gratefully acknowledged. 
3.1 Introduction 
The complexity of modelling large strain plasticity lies in the fact that large deformation of these 
materials usually involves not only irreversible plastic deformation, but also simultaneous 
Chapter 3. A Link between Multiplicative Hyper-Elasto-Plasticity and Additive Hypo-Elasto-
Plasticity Models: the Modified Kinetic Logarithmic Spin 
55 
reversible elastic deformation. These two processes with contradictory characteristics are closely 
coupled in an inextricable manner with geometric nonlinearity. Quantifying elastic and plastic 
portions of the total finite deformation has been a subject of intensive research in both academia 
and practicing world. As introduced in Chapter 2, one of the common approaches is to split the 
rate of deformation into elastic and plastic parts in an additive manner [12] and another widely 
recognized approach is to consider the deformation gradient as the multiplicative product of elastic 
and plastic deformation gradients [91–94]. 
The multiplicative decomposition of the deformation gradient finds its roots in the slip theory of 
crystals [95–97]. It has been recently shown that such a kinematic assumption is a natural result of 
homogenization of crystalline slips [98,99]. Consequently, the elastic and plastic deformation 
gradients resulting from such a decomposition can be considered as internal state variables and the 
corresponding elastoplasticity models can be formulated in a thermodynamically consistent 
manner. Numerous elastoplasticity models have been developed based on the multiplicative 
decomposition of the deformation gradient (see [19,20,23,100–112] among others). 
The additive split of the rate of deformation can be regarded as a direct generalization of the 
additive split of the strain rate in the classical infinitesimal elastoplasticity theory. It is therefore 
straightforward to extend the well-established infinitesimal theory into the large deformation 
regime based on this kinematic assumption (see Chapter 2). Due to the simplicity and clarity of 
the constitutive equations, the hypo-elasto-plasticity models have been enjoying popularity in both 
the academic research (see [2,13,14,113–120] among others) and commercial finite element codes. 
The additive hypo-elasto-plasticity models and multiplicative hyper-elasto-plasticity models, 
which are based on the two aforementioned kinematic assumptions, respectively, are usually 
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known as two distinct categories of elastoplasticity models [5,62,63,121] and several comparative 
studies have been conducted to investigate the difference between the two [18,22,122,123]. In 
these studies, several specific objective stress rates are employed in the additive hypo-elasto-
plasticity models.  
In the present chapter, it is shown that a typical multiplicative hyper-elasto-plasticity model for 
isotropic materials coincides with an additive hypo-elasto-plasticity model if a newly developed 
objective stress rate, termed the modified kinetic logarithmic stress rate, is employed in the 
hypoelastic relation. In absence of strain-induced anisotropy characterized by kinematic hardening 
herein, the modified kinetic logarithmic stress rate reduces to the kinetic logarithmic stress rate 
proposed in Chapter 2. 
The chapter is organized as follows. Some additional basic kinematic definitions and relations are 
introduced in Section 3.2. In Section 3.3, a summary of the typical structure of multiplicative 
hyper-elasto-plasticity models for isotropic materials is outlined. After making some comments 
regarding the relation between the multiplicative hyper-elasto-plasticity and additive hypo-elasto-
plasticity models in Section 3.4, the link between the additive and multiplicative models is 
demonstrated in Section 3.5. In Section 3.6, numerical studies are conducted for an elasto-plastic 
solid subjected to large homogeneous deformation. Conclusions are drawn in Section 3.7. 
3.2 Kinematics 
The strain measure of interest in the present chapter is the Eulerian Hencky strain with the 
following definition: 
 lnh V   (3.1) 
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For finite strain elastoplasticity, the deformation gradient can be multiplicatively decomposed into 
the elastic and plastic deformation gradients eF  and pF [91–94]: 
 e p F F F   (3.2) 
The kinematic definitions based on F  expressed by Equations (2.2)-(2.6) in Section 2.2.1 are 
assumed to apply to eF  and pF  as well which results in the elastic and plastic counterparts of 
those quantities defined in (2.2)-(2.6). The polar decomposition of eF  and pF  thus yields 
 e e e e e F = R U =V R   (3.3) 
 p p p p p F = R U =V R   (3.4) 
where the proper orthogonal tensors, eR  and pR , are referred to as the elastic and plastic rotation 
tensors, respectively; the positive definite tensors eU  and 
e
V  are the elastic right and left stretch 
tensors, respectively, while pU  and 
p
V  denote their respective plastic counterparts. The elastic 
and plastic Cauchy-Green deformation tensors are then defined as 
 
e e T e e 2 e e e T e 2,         C F F U B F F V   (3.5) 
 
p p T p p 2 p p p T p 2,         C F F U B F F V   (3.6) 
Similarly to the Eulerian Hencky strain h  defined in (3.1), the elastic Eulerian Hencky strain eh  
is written as 
 e elnh V  (3.7) 
The elastic Eulerian Hencky strain eh  can be expressed in terms of the eigenvalues and 
eigenprojections of eV , i.e. 
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h P   (3.8) 
where em  denotes the number of distinct eigenvalues of eV ; 
ev  and 
e
P  represent the th distinct 
eigenvalue and the corresponding eigenprojection of eV , respectively (see Appendix B or [76] for 
the definition and properties of eigenprojections). Note that the Einstein summation convention is 
not employed for subscripts denoted by Greek letters such as  ,   and   throughout the present 
chapter. 
The elastic and plastic velocity gradient, rate of deformation and vorticity tensors are defined as 
    e e e 1 e e e e, sym , skw     L F F D L W L   (3.9) 
    p p p 1 p p p p, sym , skw     L F F D L W L   (3.10) 
3.3 Typical Structure of the multiplicative hyper-elasto-plasticity models 
Multiplicative hyper-elasto-plasticity models are based on the assumption that the deformation 
gradient F  is multiplicatively decomposed according to the expression (3.2) [91–94]. The stress 












  (3.11) 
where τ  is the Kirchhoff stress defined as the Cauchy stress σ  multiplied by the determinant J  
of the deformation gradient, i.e. Jτ σ ; e e eT B F F  is the elastic left Cauchy-Green 
deformation tensor. The scalar valued function  e B  represents the elastic potential energy per 
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unit reference volume. The above equation implies that  e B  must be an isotropic function of 
e
B so that such a constitutive relation is frame-invariant. Consequently, (3.11) represents an 
isotropic hyperelastic response only.  
No plastic flow is induced if the stress τ  corresponds to an interior point of the elastic domain in 
the Kirchhoff stress space. The boundary of the elastic domain, termed the yield surface, can be 
expressed as  
  , , 0  τ α   (3.12) 
where α , known as the back stress, is an objective Eulerian stress-like internal variable that 
characterizes kinematic hardening. The scalar   is an internal variable describing isotropic 
hardening;  , , τ α  is a scalar valued function, which must be isotropic with respect to its 
Eulerian tensor-valued independent variables, τ  and α , due to frame invariance. 
Once the plastic deformation develops, plastic flow is characterized as 
 







  (3.13) 
where the scalar valued function  , ,p τ α , representing the flow potential, must also be isotropic 
with respect to τ  and α , similarly to  , , τ α ;   is a plastic multiplier; pD  is a kinematic 
description of the plastic flow which can be defined as [62] 
 p e p eT  D R D R  (3.14) 
There are various kinematic definitions of the plastic flow pD  (the reader may refer to the works 
of Simo [124]; Simo and Hughes [63]; Lion [127]; Dettmer and Reese [89]; Shutov and Kreißig 
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[128] and Vladimirov et al. [109] among others). Some of the definitions can be proved to be 
equivalent in isotropic cases [129]. In particular, the plastic flow rule employed by Dettmer and 
Reese [89] (see also Vladimirov et al. [109] and Brepols et al. [123]) and that developed by Simo 
[124] are shown in Appendices C.1 and C.3, respectively, to be equivalent to that described by 
(3.13) in conjunction with (3.14). 
Evolution of the internal variables, α  and  , are governed by  
  , , α A τ α   (3.15) 
  , ,K   τ α   (3.16) 
where  , ,A τ α  is a symmetric second-order tensor valued function whereas  , ,K τ α  is 
scalar valued. Frame invariance requires that both  , ,A τ α  and  , ,K τ α  should be isotropic 
with respect to τ  and α ; α  denotes an objective stress rate of the back stress α . The hardening 
laws employed by Eterovic and Bathe [102]; Lubarda [130]; Neto et al. [62] and Simo and Hughes 
[63], fall into the category of evolution equations described by (3.15) and (3.16). In addition, it is 
shown in Appendix C.1 that a hardening model considered by Dettmer and Reese [89] can also be 
written in the form of (3.15). 
The plastic multiplier   is assumed to satisfy the following Kuhn-Tucker complementarity 
conditions [62,63]: 
    0, , , 0, , , 0        τ α τ α   (3.17) 
Remark 3.1. The hyperelastic relation (3.11) is obtained following a thermodynamical argument 
as shown by Simo [124] and Lin et al.[126] in the thermodynamics framework of Coleman and 
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Noll [131] and Coleman and Gurtin [132]. Following the same thermodynamical considerations, 
several alternative, but equivalent expressions of the hyperelastic relation (3.11) have been 
employed. Vladimirov et al. [133], for instance, employ the description of the isotropic 















  (3.18) 
with S  denoting the second Piola-Kirchhoff stress tensor. Simo and Hughes [63]; Lubarda [134]; 
and McAuliffe and Waisman [22] employ the corresponding Eulerian description, namely the 












  (3.19) 
Another noteworthy equivalent expression of the hyperelastic relation (3.11) is based on the elastic 














  (3.20) 
where  e h  is an elastic potential energy function that satisfies 
      e e eexp 2   h B h                                             (3.21) 
Lemma 3.1. According to the kinematic definitions (3.2), (3.3), (3.4), (3.9) and (3.10), the 
definition (3.14) of the plastic flow pD  is equivalent to the following expression: 
  p e 1 e e 1 esym      D V L V V V   (3.22) 
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where eV  denotes the material derivative of the elastic left stretch tensor 
e
V . Furthermore, the 
expression (3.22) is equivalent to 
  
e






v v v v
v v
         
   
 

        

V P L P P L P P D P   (3.23) 
where em  denotes the number of distinct eigenvalues of eV ; 
ev  and 
e
P  represent the th
distinct eigenvalue and the corresponding eigenprojection of eV , respectively. 
Proof. It is first shown that (3.14) is sufficient for (3.22). Considering p e 1 F F F  (see (3.2)) in 
the definition of pD  in (3.10), the following expression is obtained: 
  p e 1 e e 1 esym      D F L F F F   (3.24) 
Note that the relation  e 1 e e 1 e
D
Dt
    F F F F  has been used in obtaining the equation above. 
Substituting (3.24) into the definition (3.14) of pD  and considering the polar decomposition 
e e e F V R  in (3.3) yield 
  p e 1 e e 1 esym      D V L V V V   (3.25) 
with  e T esym 0  R R  utilized.  
Following a similar argument, it can be proved that (3.14) is also necessary for (3.22). 
The equation (3.22) is next shown to be sufficient for (3.23). Pre-multiplying both sides of (3.22) 
by eP   em   and post-multiplying both sides of (3.22) by eP   em   yield 
   e e e e 2 e T e e 2 e e e e e p e ee e
1
2 ,v v v v m
v v
           
 
              

P V P P L P P L P P D P   (3.26) 
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Note that the following properties of the eigenprojections (see the expression (B.8) of 
eigenprojections in Appendix B) have been utilized in obtaining (3.26): 
  e e e e e e ev m         P V V P P   (3.27) 






      P V V P P   (3.28) 
In addition, the eigenprojections 
e







 P I   (3.29) 
As a result, eV  can be written as 
 
e e e
e e e e e e e
,
m m m
   
     
   
        
   
  V P V P P V P   (3.30) 
Substituting (3.26) into (3.30) yields (3.23) in Lemma 3.1. 
The necessity of (3.22) for (3.23) can be readily shown by substituting the expression of eV  in 
(3.23) into the right-hand side of (3.22). It is therefore proved that (3.14), (3.22) and (3.23) are 
equivalent to each other.                                                                                                                                          
Remark 3.2. The expression (3.22) suggests that the plastic flow tensor pD  can be interpreted 
as the rate of deformation of the intermediate configuration which is determined by the following 
decomposition of the deformation gradient: 
 e p F V F   (3.31) 
In fact, with pL  defined as 
p p p 1 L F F  like pL  in (3.10), (3.22) indicates that  p psymD L . 
Chapter 3. A Link between Multiplicative Hyper-Elasto-Plasticity and Additive Hypo-Elasto-
Plasticity Models: the Modified Kinetic Logarithmic Spin 
64 
Remark 3.3. In a kinematic hardening model investigated by Dettmer and Reese [89] (see 
Appendix C.1 for description of the model in the current configuration), the objective stress rate 
α  of the back stress α  in (3.15) is defined as 
     α α Ω α α Ω   (3.32) 
with 
 e e T e p e T     Ω R R R W R   (3.33) 
Following a kinematic derivation similar to that for obtaining (3.22) from (3.14), (3.33) can be 
written in the following equivalent form (see Appendix C.2): 
  e 1 e e 1 eskw      Ω V L V V V   (3.34) 
After substituting (3.23) in Lemma 3.1 into (3.34) and utilizing the relation e e 2B V , Ω  can be 
expressed as a function of the elastic left Cauchy-Green deformation tensor eB , velocity gradient 
L  and the plastic flow pD , i.e.  
     e p e p, , ,  Ω B L D W W B D D   (3.35) 
where the skew-symmetric second order tensor valued function   e p, W B D D  is written as 
       
e
e p e e e p e, ,
m





    W B D D P D D P   (3.36) 
where em  is the number of distinct eigenvalues of 
e
B ; e e 2b v 
  is the th  distinct eigenvalue of 
e
B  and eP  is the corresponding eigenprojection. It is noteworthy that 
e
B  share the same 
eigenprojections with eV . In (3.36), the scalar valued function  e e,c b b   is expressed as 
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  (3.37) 
Remark 3.4. The kinematic hardening model adopted by Neto et al. [62], employs an objective 
stress rate α  with the same form as that in (3.32). The spin tensor Ω  therein is defined as 
 e e T Ω R R   (3.38) 
Since the plastic vorticity tensor pW  is assumed to be zero by Neto et al. [62], the spin tensor Ω  
satisfies (3.33) as well. As a result, Ω  can also be expressed by (3.34) and therefore (3.35). 
3.4 Comments regarding the relation between the multiplicative hyper-elasto-
plasticity and additive hypo-elasto-plasticity models 
As introduced in Section 2.2.4, the objective stress rates may not be uniquely specified in the 
classical formulation of the additive hypo-elasto-plasticity models. Some known inconsistencies 
of these models, however, can be eliminated by defining appropriate objective stress rates in such 
a framework (see Sections 2.2.5 and 2.4). A number of efforts have been made to pursue objective 
stress rates that can best fit into the constitutive framework without inconsistencies (e.g. the work 
by Prager [37]; Lee [38]; Szabó and Balla [36]; Yang et al. [135]; Bruhns et al. [2]; Xiao et al. [39]; 
Jiao and Fish, [4]). Due to the Prager’s yielding stationarity criterion [37], most of the efforts focus 
on elastoplasticity models employing corotational objective stress rate in the hypoelastic relation 
(2.12), i.e.  
      τ τ Ω τ τ Ω   (3.39) 
in (2.12) with Ω  denoting a skew-symmetric second order tensor. 
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On the other hand, the multiplicative hyper-elasto-plasticity models (see Section 3.3), rooted in a 
thermodynamically consistent framework, appear to exhibit fewer inconsistencies concerning 
energy dissipation. In particular, it is evident that the self-consistency condition proposed by 
Bruhns et al. [2,5] can be automatically satisfied in the models if the plastic flow pD  is regarded 
as a natural counterpart of  the plastic part pDˆ  of the rate of deformation D  in the additive models 
(see Section 2.2.4 for description of the self-consistency condition). 
With the two seemingly distinct elastoplasticity frameworks, a series of questions may therefore 
arise including: Is it possible that the multiplicative hyper-elasto-plasticity models reduce to the 
additive hypo-elasto-plasticity models with some yet undiscovered objective stress rate? Does the 
kinetic logarithmic rate, which is shown in Chapter 2 to completely fulfill the self-consistency 
condition, provide the missing link between the two elastoplasticity frameworks? And if not, under 
what conditions does such an objective stress rate coincide with the kinetic logarithmic rate? Since 
there are numerous constitutive models formulated based on each of the two frameworks, such 
questions regarding their relations will be investigated in Section 3.5. 
3.5 Bridging the multiplicative hyper-elasto-plasticity and additive hypo-
elasto-plasticity models 
3.5.1 General relations 
We start by comparing the multiplicative hyper-elasto-plasticity and additive hypo-elasto-
plasticity models (for brevity hereafter referred to as the multiplicative and additive models, 
respectively) which will be investigated in the section. 
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Table 3.1. Comparison between the multiplicative hyper-elasto-plasticity and additive hypo-
























  d 
 eˆ : D = τ τ   (2.14) 
     τ τ Ω τ τ Ω   (3.39) 
Yield 
Condition 




















(3.14) p e p eT  D R D R   
Kinematic 
Hardening 
(3.15)  , , α A τ α  (2.16) 
Isotropic 
Hardening 
(3.16)  , ,K   τ α   (2.17) 
Kuhn-Tucker 
Conditions 
(3.17)    0, , , 0, , , 0        τ α τ α   (2.18) 




D  in this table. 
b. See Section 3.3 for more details. 
c. See Section 2.2.3 for more details. 
d. See Remark 3.1 in Section 3.3 for other equivalent forms of the hyperelastic relation. 
 
It will be shown in the remaining of Section 3.5.1 that the additive model in Table 3.1 can produce 
the same material response as the multiplicative model if (i)  
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  (3.40) 
in the hypoelastic relation (2.14) and (ii) 
   K k k pˆ,  Ω Ω Ω W B τ D   (3.41) 
in the definition (3.39) of the corotational objective stress rate τ . 
In equation (3.40),  c τ  denotes the complimentary elastic energy potential corresponding to the 
hyperelastic material described by (3.20) in the multiplicative model. In equation (3.41), KΩ  is 
termed the modified kinetic logarithmic spin; pDˆ  is the plastic part of the rate of deformation tensor; 
kΩ , as the abbreviation for klogΩ  in the present chapter, denotes the kinetic logarithmic spin which 
is defined as (see also (2.74) in Chapter 2) 
   k k , Ω W W B τ D   (3.42) 
with 







  (3.44) 
The skew-symmetric second-order tensor valued function   k pˆ,W B τ D  in (3.41), which is 
defined in a manner similar to  ,W B D  employed by Xiao [1] for the logarithmic rate (see 
Section 2.2.6), is written as 
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     
k
k p k k k p kˆ ˆ, ,
m





  W B τ D P D P   (3.45) 
where km  denotes the number of distinct eigenvalues of 
k
B ; kb  is the th  distinct eigenvalue of 
k












b b b b
 
 
   
 

  (3.46) 
Remark 3.5. As discussed in Section 2.2.5, the condition (3.40) for the compliance tensor  τ  
permits use of constant compliance tensor. In the present context, this implies it is possible for the 
additive model employing constant compliance tensor H  (see (2.30)) to deliver material 
response that is identical to the multiplicative model employing the Hencky’s hyperelasticity. 
Remark 3.6. It will be shown in Section 3.5.2.1 that in the absence of kinematic hardening the 
term   k pˆ,W B τ D  in (3.41) vanishes rendering the modified kinetic logarithmic spin KΩ  
identical to the kinetic logarithmic spin kΩ . This indicates that the additive models, which employ 
the kinetic logarithmic spin kΩ  and the corresponding integrability condition (2.28) as suggested 
by Jiao and Fish [4], are indeed equivalent to the corresponding multiplicative models in the 
absence of kinematic hardening. 
Remark 3.7. It can be seen that there is no specific definition given in Table 3.1 for the objective 
stress rate α  of the back stress α . The conclusion drawn herein applies to a general definition of 
the objective stress rate α  which can be written as [39] 
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    pˆ, , , , , , , , ,   α α φ τ L F α φ τ L F α D   (3.47) 
where  , , , ,φ τ L F α  and  pˆ, , , , ,φ τ L F α D  denote two symmetric second-order tensor valued 
function; p
ˆ
D  denotes 
p
D  and pDˆ  in the multiplicative and additive models, respectively. The 
dependency of  pˆ, , , , ,φ τ L F α D  on pˆD  is considered in the present dissertation so that the 
general expression (3.47) is able to describe the kinematic hardening law adopted by Dettmer and 
Reese [89] and Neto et al. [62] (see Remark 3.3 and Remark 3.4 in Section 3.3). In addition, the 
function  pˆ, , , , ,φ τ L F α D  is assumed to satisfy    p pˆ ˆ, , , , , , , , , ,a a φ τ L F α D φ τ L F α D  
for an arbitrary scalar a . 
For subsequent derivation, we define the following second-order tensor 
 e p D D D   (3.48) 
Comparing the flow rules (3.13) and (2.15) (see Table 3.1) as well as the kinematic relations (3.48) 
and (2.7), pD  and eD  in the multiplicative models are the counterparts of pDˆ  and 
e
Dˆ  in the 
additive models. With this in mind, the kinematic properties of eD  are further investigated in a 
manner inspired by Xiao et al. [1] and Hill [136]. 
Lemma 3.2. The tensor eD  defined in (3.48) satisfies 
  e e e e e0, m       P D h P   (3.49) 
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where em  is the number of distinct eigenvalues of eh ; 
e
P  is the eigenprojection corresponding to 
the th  distinct eigenvalue of eh (see Appendix B or Carlson and Hoger [76] for the definition 
and properties of eigenprojections).  
Proof.  According to the expression (3.22) of pD  in Lemma 3.1 and the definition (3.48), eD  can 
be written as 
  e e 1 e e 1 esym       D D V L V V V   (3.50) 
Note that eV  and 
e 1
V  share the same eigenvectors and eigenprojections with 
e elnh V . As a 
result, the expressions (3.27) and (3.28) hold (see the property (B.8) of eigenprojections in 
Appendix B).  
Pre- and post-multiplying both sides of (3.50) by eP   em   yield 









             
 
P D P P D P P L P P V P   (3.51) 
Since  L D W  and eP   em   is symmetric, (3.51) reduces to 





   

      P D P P V P   (3.52) 
Furthermore, the identity given by Equation (29) in [78] (see also [76] and Equation (24) in [1]) 






e V P  can be expressed as 
  
e
e e e e e,
m
g v v   
  
  e P V P   (3.53) 
where  ,g x y  is defined as 
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  





f x f y
x y
x yg x y




   
  (3.54) 
Since
e




 h V P , substituting e  for eh  in (3.53) and considering the property (B.7) 
of eigenprojections in Appendix B yields 





   

      P h P P V P   (3.55) 
Combining (3.55) with (3.52) yields the relation (3.49) in Lemma 3.2.                                                
Theorem 3.1. The tensor eD  defined in (3.48) can be written as the following corotational rate 
of the elastic Hencky strain eh : 
 e e e e    D h Ω h h Ω   (3.56) 
with the skew-symmetric second-order tensor Ω  expressed as 
    e e p, ,  Ω W W B D W B D   (3.57) 
where eB  is the elastic left Cauchy-Green deformation tensor;  e ,W B D  and  e p,W B D are 
two skew-symmetric second-order tensor valued functions;  e ,W B D , which is expressed in 
(2.34) with the independent variables B and D , is employed in the definition of the logarithmic 
spin [137];  e p,W B D  is defined in a way similar to  e ,W B D  as 
    
e
e p e e e p e, ,
m





  W B D P D P   (3.58) 
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where em  is the number of distinct eigenvalues of 
e
B ; eb  and 
e
P  denote the th  distinct 
eigenvalue and its corresponding eigenprojection of eB  respectively; the scalar coefficient 











b b b b
 
 
   
 

  (3.59) 
Proof. The relation (3.56) in Theorem 3.1 is a tensor equation for the skew-symmetric second-
order tensor Ω  as the unknown. Following an argument similar to that given in Equations (14)-
(23) of [1], the equality (3.49) given in Lemma 3.2 ensures existence of Ω  as the solution of the 











   




       Ω P W P P D h P   (3.60) 
Note that eV , 
e e 2B V  and e elnh V  share the same eigenprojections eP   e1,...,m  . 
The solution given by (3.60) can be readily verified by substituting it into the corresponding 
equation (3.56) and by utilizing Lemma 3.2 and the properties of eigenprojections. It can be seen 
that in case of triply coalescent eigenvalues of eV  and 
e
B  (i.e. e 1m  , e1 P I  and therefore 
e e
1ln vh I ), the expressions (3.57) and (3.60) both reduce to Ω W  and the corresponding 
equation (3.56) is trivially satisfied in view of Lemma 3.2. Consequently, the rest of the proof only 
focuses on the cases of multiple distinct eigenvalues (i.e. e 1m  ). 
Applying (3.53) to the time derivative of e elnh V  yields  
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   
 
            

P h P P V P   (3.61) 
where the property e e 0  P P      has been considered in obtaining (3.61). 
In addition, pre- and post-multiplying both sides of the expression (3.25) of pD  by eP  and 
e
P  
 e, 1,...,m       , respectively, gives 
 
 
e 2 e 2
e e e e e e e e e
e e
e e
















   
 
         

       

P V P P D P P W P
P D P
  (3.62) 
where the properties (3.27) and (3.28) of the eigenprojections eP   em   as well as the 
relation  L D W  have been utilized. Combining (3.62) and (3.61) yields 
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       

P h P P D P P W P
P D P
  (3.63) 
After substituting (3.63) and e p D D D  into (3.60), the following expression of the spin tensor 
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  (3.64) 
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where e e 2b v 
   e1,...,m   denote the distinct eigenvalues of eB , which shares the same 
eigenprojections with eV  and 
e
h . In obtaining the term W  on the right-hand side of (3.64), the 
following relation has been utilized: 
 
e e e e
e e e e e e
m m m m
     
    
 
    

   
           
   
   P W P P W P P W P W   (3.65) 
It is evident that the solution (3.64) of the equation (3.56) is identical to the expression (3.57) in 
Theorem 3.1 and the proof is therefore completed.                                                                                        
Remark 3.8. With the spin tensor Ω  as the unknown, the tensor equation (3.56) in Theorem 3.1 
has an unique solution only if eh  (or equivalently 
e
V  or 
e
B ) has three distinct eigenvalues (i.e. 
e 3m  ) (see [78]). In addition, repeated eigenvalues of eh  (i.e. e 3m  ) lead to infinite number of 
solutions of the equation (3.56). In these cases, the solution (3.57) provides values of the spin 
tensor Ω  that ensure continuity of Ω  when originally distinct eigenvalues coalesce (i.e. become 
identical). This is shown in Appendix C.4. 
Theorem 3.2. Assume that the hyperelastic relation (3.20) is invertible. The hyperelastic relation 
(3.20) and the kinematic definition (3.14) of the plastic flow in the multiplicative hyper-elasto-
plasticity model are equivalent to the following equations: 
 e p D D D   (3.66) 
   Ke : D = τ τ   (3.67) 
 





  (3.68) 
Chapter 3. A Link between Multiplicative Hyper-Elasto-Plasticity and Additive Hypo-Elasto-
Plasticity Models: the Modified Kinetic Logarithmic Spin 
76 








  (3.69) 
where  c τ  denotes the complementary energy potential of the hyperelastic material described 
by (3.20). Kτ  in (3.67) denotes the modified kinetic logarithmic stress rate defined as 
 K K K     τ τ Ω τ τ Ω   (3.70) 
with the modified kinetic logarithmic spin tensor KΩ  expressed as 
    K k k p, ,  Ω W W B D W B D   (3.71) 
where the skew-symmetric second-order tensor valued functions  ,W  and  ,W  are given in 
(2.34) and (3.58), respectively. kB  is the kinetic left Cauchy-Green deformation tensor defined in 
(3.43). 
Proof. Let us first show that equations (3.66)-(3.68) in Theorem 3.2 are necessary for the 
hyperelastic relation (3.20) and kinematic definition (3.14) of the plastic flow. Since (3.20) is 
invertible, there exists a complementary energy function  c  satisfying that 
    * * * *c :  τ τ h h   (3.72) 










. The inverse of the hyperelastic relation (3.20) can therefore be written as 
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  (3.73) 












  (3.74) 
Since the elastic potential energy function  e h  is assumed to be isotropic with respect to eh , 
the following expression holds for an arbitrary skew-symmetric second-order tensor *Ω  (see the 









        
 
h
τ Ω τ τ Ω h Ω h h Ω
h h
  (3.75) 
Let *Ω  in the above equation be equal to the spin tensor Ω  expressed by (3.57) in Theorem 3.1. 









        
 
h
τ Ω τ τ Ω h Ω h h Ω
h h
  (3.76) 
According to the kinematic definition (3.14) and its equivalent form (3.22), Lemma 3.2 and 
Theorem 3.1 can therefore be applied to obtain the following relation: 
 e e e e    D h Ω h h Ω   (3.77) 
 e p D D D   (3.78) 
In addition, due to the relation (3.72) and the invertibility of the hyperelastic relation (3.20), it is 
evident that the following holds: 
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   2 * 2 *c s




   
τ h
τ τ h h
  (3.79) 










 satisfied. Applying (3.79) and (3.77) to the relation (3.76) 
yields 
    e :    D τ τ Ω τ τ Ω   (3.80) 
with the notation in (3.69) utilized. In addition, the equation (3.73) indicates that e kh h  and 
therefore that e kB B . As a result, the definition (3.71) of KΩ  suggests that KΩ Ω  in view of 
(3.57). The equation (3.80) can therefore be written as 
   Ke : D = τ τ   (3.81) 
with Kτ  expressed by the expression (3.70) in Theorem 3.2. 
The obtained relations (3.73), (3.78) and (3.81) suggest that (3.66)-(3.68) are necessary for the 
hyperelastic relation (3.20) and the kinematic definition (3.14). 
The sufficiency of the equations (3.66)-(3.68) will be investigated next. The following hyperelastic 










  (3.82) 
where the function    is expressed as 
    * * * *c:  h τ h τ   (3.83) 
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Due to isotropy of the function  c τ , the equation (3.67) can be rewritten as (see (2.85)) 
 
     c c ce K KD
Dt
     
     




  (3.84) 
Substituting (3.66) and (3.68) into (3.84) yields 
 e p K e e K     h D D Ω h h Ω   (3.85) 
Note that the definitions (3.57) and (3.71) in conjunction with the relation (3.68) indicate that 
K Ω Ω . The equation (3.85) is therefore rewritten as 
 e p e e     h D D Ω h h Ω   (3.86) 
Pre-multiplying both sides of (3.86) by eP   em   and post-multiplying both sides of (3.86) 
by eP   em   yields 
    e e e e p e e e e e eln ,v v m                    P h P P D D P P Ω P   (3.87) 
According to the expressions of Ω  in (3.57)-(3.59), (2.34) and (2.35), e e  P Ω P  
 em    in (3.87) can be written as 
   
 





c b b c b b
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          
    
    

















 of eigenprojections has been utilized. 
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               
     

P L P P L P P D P
P V P
P D D P
  (3.89) 








P I , eV  can be written as 
 
e e e e
e e e e e e e e e e
1 1 1 1
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     
    
 
    

   
           
   
   V P V P P V P P V P   (3.90) 
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V P D D P
P L P P L P P D P
  (3.91) 
The expression (3.91) of eV  is the same as (3.23) in Lemma 3.1 which indicates that the 
expressions (3.22) and (3.14) of the plastic flow must also hold. It is thus proved that the equations 
(3.66)-(3.68) is sufficient for the hyperelastic relation (3.20) and the kinematic definition (3.14) of 
the plastic flow in the hyper-elasto-plasticity model.                                                                                   
Based on the above results, we proceed by showing that the multiplicative hyper-elasto-plasticity 
and the additive hypo-elasto-plasticity models in Table 3.1 can result in the same system of 
ordinary differential equations with respect to the state variables τ , α  and   provided certain 
conditions are satisfied. 
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In light of Theorem 3.2, the hyperelastic relation (3.20) and the kinematic definition (3.14) of the 
plastic flow in the hyper-elasto-plasticity models can be replaced with their equivalents shown in 
(3.66)-(3.68). It is clear in Table 3.1 that such replacement of constitutive equations renders the 
multiplicative models in the same form as their additive counterparts. Furthermore, the following 
evolution equations can be written with respect to the state variables τ , α  and  : 
    p K K:     τ = τ D D Ω τ τ Ω   (3.92) 
      p, , , , , , , , , , ,     α A τ α φ τ L F α φ τ L F α D   (3.93) 
  , ,K   τ α   (3.94) 
The equation (3.92) is obtained by substituting (3.66) into (3.67). The fourth-order tensor  τ  
is determined by 
     s: τ τ   (3.95) 
The equation (3.93) results from combination of (3.15) and (3.47). 
The plastic flow pD  in the ordinary differential equations above depends on the state variables τ , 
α  and   as well as the plastic multiplier   through the flow rule (3.13). The spin tensor KΩ , as 
expressed in (3.71), is dependent on D , W , 
k
B  and pD  while  k kexp 2B h  is dependent on 
the stress τ  according to the definition (3.68).  
It is evident that the right-hand sides of the ordinary differential equations (3.92), (3.93) and (3.94) 
all depend on the plastic multiplier   in addition to τ , α ,  , F  and L . In fact, the plastic 
multiplier   itself is also dependent on the state variables τ , α  and   as well as on the kinematic 
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quantities F  and L  due to the Kuhn-Tucker conditions (3.17). The value of the plastic multiplier 
  is then determined according to the different loading cases as indicated by the Kuhn-Tucker 
conditions (3.17). 
When the stress τ  is located within the elastic domain, i.e.  , , 0  τ α , the Kuhn-Tucker 
conditions (3.17) require the plastic multiplier to vanish (i.e. 0  ). When the stress τ  is on the 
yield surface, i.e.  , , 0  τ α , the plastic multiplier   can be either a positive or zero value 
according to the Kuhn-Tucker conditions (3.17). In fact, the conditions (3.17) imply that the time 
derivative of the yield function  , , τ α  must also be non-positive at this moment (i.e. 
0 if 0     ) which serves as an additional consistency condition. The time derivative   of the 
yield function can be written as 
 
     , , , , , ,
: :






τ α τ α τ α
τ α
τ α
  (3.96) 
Substituting the rate form expressions (3.92), (3.93) and (3.94) into (3.96) and utilizing the plastic 
flow rule (3.13) yield 
    , , , , , , , ,A B    τ L F α τ L F α   (3.97) 
where  , , , ,A τ L F α  and  , , , ,B τ L F α  are scalar valued functions given in Appendix C.5.  
The function  , , , ,B τ L F α  is assumed to be positive. If  , , 0  τ α  and  , , , , 0A  τ L F α , 
the material undergoes unloading or neutral loading and therefore the plastic multiplier is zero (i.e. 
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0  ). If  , , 0  τ α  and  , , , , 0A  τ L F α , the aforementioned consistency condition (3.97) 
is active requiring that 
 
 
, , , ,







τ L F α
τ L F α
. 
Given the loading cases above, the plastic multiplier   can be expressed in the following unified 
manner (see also [2]): 
   
 
 
, , , ,
, ,









τ L F α
τ α
τ L F α
  (3.98) 





















  (3.100) 
With the expression of the plastic multiplier   given in (3.98), equations (3.92), (3.93) and (3.94), 
along with some initial conditions of τ , α  and  , comprise the system of ordinary differential 
equations with respect to the state variables τ , α  and  . 
Following the procedure similar to that in equations (3.92)-(3.100), it is evident that the additive 
hypo-elasto-plasticity model shown in Table 3.1 produces the same system of ordinary differential 






 in the hypoelastic 
relation (2.14) and (ii)      K k k pˆ, ,   Ω Ω W W B τ D W B τ D  in the definition (3.39) of 
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the corotational objective stress rate τ . It is evident that the above two conditions are identical 
to those introduced in equations (3.40) and (3.41) suggesting that the statement corresponding to 
(3.40) and (3.41) is true. 
3.5.2 Consideration of specific cases  
3.5.2.1 Absence of strain-induced anisotropy 
In the elastoplastic constitutive models considered in the present dissertation, strain-induced 
anisotropy is represented by kinematic hardening, which is characterized by the back stress α . In 
the absence of strain-induced anisotropy constitutive functions  , , τ α ,  , ,p τ α  and 
 , ,K τ α  can be written as  , τ ,  ,p τ  and  ,K τ , respectively. Note that the plastic 
flow rule is accordingly written as 
 







  (3.101) 
The frame invariance requires the function  ,p τ  to be isotropic with respect to its only Eulerian 
tensor valued independent variable τ . Consequently, the flow rule (3.101) suggests that pDˆ  must 
be coaxial with τ . In addition, the definitions (3.43) and (3.44) suggest that the Kirchhoff stress 
τ  is coaxial with the kinetic left Cauchy-Green deformation tensor kB . The plastic flow pDˆ  can 







D P   (3.102) 
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where pd  denotes the eigenvalue of 
p
Dˆ  corresponding to the th  eigenprojection kP  of 
k
B . 
After substituting (3.102) into the expression (3.41) of the modified kinetic logarithmic spin KΩ  
and utilizing the properties of eigenprojections, the term   k pˆ,W B τ D  vanishes and (3.71) 
reduces to 
 K kΩ Ω   (3.103) 
This indicates that the modified kinetic logarithmic spin KΩ  coincides with the kinetic logarithmic 
spin kΩ  [4] in the absence of kinematic hardening. 
3.5.2.2 J2 Plasticity with associative plastic flow 
In J2 plasticity the yield function  , , τ α  is written as 
    , ,    τ α τ α   (3.104) 




  T T T I  denotes the 
deviatoric part of a second-order tensor T . The initial value of α  and   is 0 and 2
3 y
 , 
respectively, with y  denoting the yield stress. Since the plastic flow is associative, the flow 
potential  , ,p τ α  in the plastic flow rule (2.15) is equal to the yield function  , , τ α . The 
plastic flow pDˆ  is therefore written as 
 
   
 
p




τ α τ α
D
τ τ α
  (3.105) 
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Since  τ  is coaxial with  kB τ , following an argument similar to that in Section 3.5.2.1 yields 
     k , 0 W B τ τ   (3.106) 
Substituting (3.105) into the expression (3.41) and considering (3.106) yields 
 
 




Ω Ω W B τ α
τ α
  (3.107) 
3.6 Numerical Illustration 
The stress response predicted by the multiplicative model and its additive equivalent are studied 
herein for J2 plasticity with associative plastic flow rule. In addition, two other well-known 
additive models, based on the Jaumann rate and logarithmic rate [2], respectively, are also 
considered herein. 
3.6.1 Elastoplastic isotropy 
The case without strain-induced anisotropy (i.e. kinematic hardening) is considered first. Note that 
the condition (3.41) for the equivalence between the multiplicative and additive models reduces to 
K k Ω Ω Ω  in this case (see Section 3.5.2.1). The additive model with the kinetic logarithmic 
rate is therefore equivalent to the multiplicative model. The numerical integration methods 
presented in Appendix A are used to integrate the additive models. The multiplicative models are 
integrated through the numerical method in [62]. 
In addition to stress response, the plastic work done by the stress is investigated. For the additive 
models, the plastic power is defined as 
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 p pˆ:W  τ D   (3.108) 
As to the multiplicative models, the plastic power can be written as (see Equation (14.62) in [62]): 
 p p:W  τ D   (3.109) 
The numerical approximation to the plastic power is briefly discussed in Appendix C.6. 
In the present section, the Hencky’s hyperelasticity model is adopted for the elastic response. The 
function  , ,K τ α  in the isotropic hardening law described by (3.16) or (2.17) is considered to 
be a constant, i.e. 
 K    (3.110) 
Two sets of material parameters, which differ only in the yield stress 
y  and hardening modulus 
K , are considered herein so that the aforementioned elastoplastic models can be compared for 
both small and large elastic strains. The material parameters are shown in Table 3.2 and Table 3. 
for small and large elastic strains, respectively. In the two tables, E  and   denote the Young’s 
modulus and the Poisson’s ratio, respectively.  
Table 3.2. Material parameters for small elastic strain 
E      y   K   
111.95 10   0.3   97.5 10   86 10  
 
Table 3.3. Material parameters for large elastic strain 
E      y   K   
111.95 10   0.3   109 10   97.2 10  
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3.6.1.1 Simple shear 
The classical simple shear problem is investigated with the multiplicative and additive models. 









F   (3.111) 
 
                                          (a)                                                                          (b) 
Figure 3.1. Stress response and plastic work (normalized by the yield stress 
y ) of the simple 
shear problem with small elastic strain (see material parameters in Table 3.2): (a) perfect 
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                                          (a)                                                                           (b) 
Figure 3.2. Stress response and plastic work (normalized by the yield stress 
y ) of the simple 
shear problem with large elastic strain (see material parameters in Table 3.): (a) perfect plasticity 
( 0K  ); (b) elastoplasticity with isotropic hardening 
It can be seen from Figure 3.1 that with rather small elastic strain all models deliver nearly identical 
stress response and plastic work except that the additive model with the logarithmic rate produces 
softening response of the normal stress component 11 . This is true for both perfect plasticity (with 
0K   in Table 3.2) and elastoplasticity with isotropic hardening. If the elastic strain is large, 
however, only the additive model with the kinetic logarithmic rate is in good agreement with the 
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that the difference between the results of the multiplicative model and those of the additive models 
with the Jaumann and logarithmic rates becomes more pronounced if isotropic hardening is 
considered. 
3.6.1.2 Cyclic deformation featuring unloading and reloading 
In the simple shear problem, the material is subjected to continuous loading with the plastic work 
increasing once yield occurs (see Figure 3.1 and Figure 3.2). Herein, a problem involving 
unloading and reloading is considered.  
 
 Figure 3.3. Cyclic homogeneous deformation of a unit square material block and the 
trajectory of the material point on the upper left corner 
Figure 3.3 shows a unit square material block subjected to a cyclic homogeneous deformation in 
which the motion of each material point on the upper edge of the block forms a circular trajectory 
while those on the bottom edge are fixed. The radius of the circular trajectory is denoted by r  and 
the position of the material point moving along this path is determined by the angle   as shown 
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F   (3.112) 
The value of the radius r  is set to 1.2 .  
 
Figure 3.4. Shear stress response and plastic work of the cyclic deformation problem with 
large elastic strain and perfect plasticity (adopting the material parameters in Table 3. with 
0K  ) 
The shear stress response and the plastic work normalized by y  are shown in Figure 3.4 and 
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be seen from the two figures that the multiplicative model and the additive model with kinetic 
logarithmic rate yield identical results while considerable deviation from the multiplicative model 
can be observed for the other two additive models, in particular for the plastic work. 
 
Figure 3.5. Shear stress response and plastic work of the cyclic deformation problem with 
large elastic strain and isotropic hardening (adopting the material parameters in Table 3.) 
3.6.2 Strain-induced anisotropy in the form of kinematic hardening 
In addition to the isotropic elastoplasticity discussed above, strain-induced anisotropy is 
investigated herein in the form of kinematic hardening (see [138] for an alternative representation 
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Following a finite strain extension of the Armstrong-Frederick hardening law, the kinematic 
hardening equations (3.15) and (2.16) can be written as 
 pc b α D α   (3.113) 
where c  and b  are material parameters. The objective stress rate α  in the present additive model 
(based on the modified kinetic logarithmic spin KΩ ) is adopted as that in [89] and [62]. Its 
expression in the present context is given in (3.32) in conjunction with (3.35)-(3.37). Note that eB  
therein is dependent on the stress through the inverse of the hyperelastic relation (3.20). Such stress 
dependency of eB  is utilized in the additive model based on the modified kinetic logarithmic spin. 
In addition, the two well-known additive models based on the Jaumann and logarithmic objective 
stress rates are also investigated. In these models, the spin tensor employed to define the 
corotational objective stress rates α  of the back stress in the kinematic hardening law (3.113) are 
the same as those for the Kirchhoff stress τ  in the hypoelastic relations (2.12). These additive 
models are integrated through the numerical integration methods described in Appendix A. 
In contrast to the previous isotropic case, the modified kinetic logarithmic spin KΩ , as given in 
the expression (3.41) for the equivalence between the multiplicative and additive models, is in 
general not equal to the kinetic logarithmic spin kΩ  because the arguments in Section 3.5.2.1 are 
not applicable herein and thus the additional term W  is none-zero. A corresponding numerical 
integration method (see Appendix C.7) is employed to obtain approximations to the material 
response produced by the additive model based on the modified kinetic logarithmic stress rate.  
The shear stress responses obtained through the various elastoplasticity models are investigated 
for the classical simple shear problem. At first, with small elastic strain (see the material 
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parameters in Table 3.4) the shear stress responses are shown in Figure 3.6. It can be seen that the 
results from the additive models exhibit very good agreement with those from the multiplicative 
one [62] except that the additive model based on the logarithmic rate produces significantly 
different results under large shear strain. In fact, small elastic strain indicates that eB  (or kB ) 
should be quite close to the identity tensor I . In this case, the modified kinetic logarithmic spin 
tensor    K k k p, ,  Ω W W B D W B D  in the additive model (or Ω  defined in (3.57) for the 
equivalent multiplicative model) should be rather close to the Jaumann spin tensor W  since both 
 k ,W B D  and  k p,W B D  are continuous functions and vanish with k B I . The spin tensor 
 log , Ω W W B D (see the definition in (2.33)) for the logarithmic rate, however, is dependent 
on B  rather than eB . Since the difference between B  and I  increases with the shear 
deformation, the spin tensor logΩ  may significantly deviate from W  under large shear 
deformation. This may result in the discrepancy between the results from the additive model with 
the logarithmic rate and those from the others. Figure 3.7 shows the shear stress responses 
produced by these models with moderately large elastic strain (see the material parameters in Table 
3.5). It can be seen that only the additive model based on the modified kinetic logarithmic stress 
rate provides results that are close to those from the multiplicative model [89]. The small difference 
between the results from such an additive model and those from the multiplicative model may be 
attributed to the fact that the Neo-Hookean hyperelasticity is assumed in the multiplicative model 
developed by Dettmer and Reese [89] while the Hencky’s hyperelasticity model is adopted in the 
additive model based on the modified kinetic logarithmic stress rate. Since the elastic deformation 
is not excessively large, this fact does not result in large difference between the two models. 
Chapter 3. A Link between Multiplicative Hyper-Elasto-Plasticity and Additive Hypo-Elasto-
Plasticity Models: the Modified Kinetic Logarithmic Spin 
95 
Table 3.4. Material parameters for small elastic strain [62] 
E      y   c   b  
210   0.3   0.45   23
 6   
 
Table 3.5. Material parameters for moderately large elastic strain [89] 
E      y   c   b  
82.2154 10   0.385   73.5 10   81 10  2.7 
 
 
Figure 3.6. Shear stress response (normalized by the yield stress y ) of the simple shear 
problem with small elastic strain (see the material parameters in Table 3.4) 
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Figure 3.7. Shear stress response (normalized by the yield stress 
y ) of the simple shear 
problem with moderately large elastic strain (see the material parameters in Table 3.5) 
3.7 Conclusions 
It has been mathematically proved and demonstrated on several numerical examples that for 
isotropic materials, a hyper-elasto-plasticity model based on the multiplicative decomposition of 
deformation gradient coincides with an additive hypo-elasto-plasticity model that employs the spin 
tensor based on the modified kinetic logarithmic rate. In the absence of strain-induced anisotropy 
(kinematic hardening), this objective stress rate coincides with the kinetic logarithmic rate recently 
proposed by Jiao and Fish [4].  It has been also shown that other well-known additive models 
based on Jaumann and logarithmic rates considerably deviate from the multiplicative model. 
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The focus of the present chapter was on the theoretical aspects. The corotational models based on 
the additive split of the rate of deformation are attractive from a practical point of view as they 
offer a systematic framework of extending a library of infinitesimal inelastic materials models to 
large deformation regime. Yet, the additive models, much more than their multiplicative 
counterparts, are known to suffer from various shortcoming documented herein and elsewhere. 
The theoretical link established herein between the multiplicative framework and one of the 
models based on the additive decomposition framework, may provide a firm footing for 
developing both efficient and accurate corotational algorithms for large deformation plasticity.  
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Chapter 4  
Analysis of Hierarchical and Non-Hierarchical 
Approaches to Representing Delamination in 
Laminated Composites   
In this chapter, two hierarchical approaches, the s-version of the finite element method (s-method) 
and the extended finite element method (XFEM), are compared to the classical non-hierarchical 
ply-by-ply discretization approach in terms of their effectiveness in modeling delamination in 
laminated composites. The two hierarchical methods are shown to have approximation 
(discretization) spaces which are identical to that of the classical ply-by-ply discretization 
approach. These approaches therefore produce the same result in delamination analysis of 
laminated composites. This chapter is reproduced from the paper [139] coauthored with Professor 
Jacob Fish whose inputs are gratefully acknowledged. 
4.1 Introduction 
Since the first commercial application of composites in the NASA/Boeing 737 Graphite-Epoxy 
horizontal stabilizer in 1980s [140], composites have become increasingly popular in design of 
major components of large aircrafts. Today more than 50% of Boeing 787 and 53% of A350 XWB 
are made of composites. Laminated composites whose in-plane dimensions are several orders of 
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magnitude larger than their thickness, are most commonly used composites architecture for these 
structural components. Conventional shell or plate elements deployed in aircraft industry are not 
capable of reliably predicting the onset and propagation of delamination, which is a dominant 
failure mode in laminated composites [141–143]. On the other hand, an alternative ply-by-ply 
discretization of individual layers practiced for delamination studies in small coupons or elements 
is computationally not feasible for large scale aerospace components. Thus, the challenge is to 
develop a practical approach for delamination analysis of large-scale aerospace components.  
Delamination usually initiates and evolves in localized areas along one or more interfaces in 
laminated composite structures. Schematics of a delamination in a laminated composite structure 
is illustrated in Figure 4.1a where a portion of the laminated structure is depicted in a cross-section. 
The most common approach to modeling delamination (Figure 4.1a) using finite elements is 
illustrated in Figure 4.1b. By this so-called ply-by-ply discretization approach, the inter-ply 
interfaces are explicitly resolved by inter-element boundaries. The displacement (strong) 
discontinuity across the delaminated interface areas is modeled using double nodes coming from 
the elements above and below the interface.  
It is evident that this classical ply-by-ply discretization approach is in principle adequate to model 
any delamination in any laminated composite as long as the finite element mesh is properly tailored. 
In practice, however, this ply-by-ply discretization illustrated in Figure 4.1b suffers from a number 
of shortcomings. First, the ply-by-ply discretization approach is non-hierarchical in nature and 
may lead to excessive computational cost. Laminated composite structures are typically modeled 
using plate or shell elements whose thickness is considerably smaller than the in-plane dimensions. 
Plate or shell elements are typically adequate to resolving the responses of composites if there is 
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no delamination. An alternative to plate or shell elements is a solid laminated element, which is 
typically a quadratic or higher order solid element, that contains multiple plies through its thickness 
direction. Clearly, neither of the two approaches possesses the necessary kinematics to resolve 
delamination.  
 
Figure 4.1. Non-hierarchical finite element representation of delamination in laminated 
composites: (a) localized delamination; (b) Ply-by-ply discretization of delamination; (c) 
Laminate-by-laminate discretization of delamination. 
One possibility to at least partially remedy computational complexity of the ply-by-ply 
discretization is illustrated in Figure 4.1c. The computational cost can be reduced if the ply-by-ply 
 (a) Delamination in a portion of a laminated composite plate 
Element boundary 
Element boundary 
 (b) Ply-by-ply finite element discretization of delamination 
 (c) Laminate-by-laminate discretization of delamination 
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discretization is replaced by a stack of laminated solid elements connected at the delamination 
interfaces as shown in Figure 4.1c. Caution must be exercised to ensure C0 continuity of 
displacements across adjacent laminated solid elements as illustrated in Figure 4.2. One possibility 
to ensure the C0 continuity is to employ multiple point constraints. This, however, introduces 
additional bookkeeping. Computational complexity is further amplified with initiation and 
evolution of delamination that requires continuous remeshing. 
 
Figure 4.2. Displacement compatibility in non-hierarchical representation of delamination in 
laminated composites  
The computational complexity can be addressed using hierarchical representation of delamination. 
By this approach, a smooth approximation field based on the mesh of a single layer of through-
the-thickness solid laminated elements is first introduced to resolve a delamination-free response 
of the composite structure. Delamination is then modeled by enriching the smooth approximation 
space. The hierarchical approach has the following advantages:  
(i) It may substantially reduce computational cost if the enrichment is used only where it is 
needed (see Chapter 5 or [144]).  
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(ii) The compatibility of the displacement field can be readily assured by enforcing the 
enrichment to vanish at the interface between delaminated and delamination-free regions. 
Consequently, multiple point constraints are not needed.  
(iii) Remeshing is avoided.  
The s-version of the finite element method (s-method) [145] and the extended finite element 
method (XFEM) [146] provide two possible hierarchical frameworks in modelling delamination 
in laminated composites since both the s-method and the XFEM feature hierarchical 
decomposition of the approximation space in the finite element method. The origin of such a 
hierarchical decomposition is often attributed to the global-local finite element method of Mote 
[147]. Comprehensive review of the early works can be found in the papers of Noor [148] and 
Dong [149]. Most of the early attempts employ global functions in enriching finite element 
approximations. Such global enrichment functions include crack tip asymptotic fields [150] and 
shear band weak discontinuities [151]. Due to the global nature of the enrichment functions, these 
methods give rise to dense stiffness matrices and are often referred to as global enrichment 
methods (GEM). Local enrichment methods (LEM) and sparse global enrichment methods (SGEM) 
were therefore developed in order to enhance the sparsity pattern of the stiffness matrices. 
Enrichment functions in LEM are limited to individual elements so that they can be condensed out 
at element level. These enrichment functions have been employed to represent discontinuous 
strains [152,153], curvatures [154], and displacements [155,156]. By contrast, enrichment 
functions in SGEM are not limited to individual elements. Methods belonging to the category of 
sparse global enrichment methods include: (i) multigrid-like scale bridging methods [157–160]; 
(ii) the extended finite element method (XFEM) [146,161–163] or the generalized finite element 
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method (GFEM) [164–166], which are based on the partition of unity concept [167,168]; and (iii) 
the s-version of the finite element method (s-method). The s-method has been applied to 
hierarchical representation of strong [169,170] and weak [171–174] discontinuities. 
In the present chapter, a global mesh of laminated solid elements, (consisting of a single layer of 
through-the-thickness 20-node serendipity elements), is initially employed to model delamination-
free response of the composite structure. The discontinuity of displacements across the inter-ply 
interfaces of a laminate is embedded by either the s-method or the XFEM. The equivalence of the 
two hierarchical approaches and the standard non-hierarchical ply-by-ply approach are proved. 
Although the two hierarchical approaches are equivalent and the XFEM has proved to be effective 
in modelling delamination in laminated composites [175–178], the s-method is still an interesting 
and promising approach in this context because of its sparser matrix structure and seamless 
transition from weak to strong discontinuity. 
The outline of the chapter is as follows. A representation of discontinuity in displacements across 
the inter-ply interfaces using the s-method and the XFEM is outlined in Section 4.2. Incorporation 
of cohesive behavior into inter-ply interfaces is briefly introduced in Section 4.3. In Section 4.4, 
we prove that the enrichments introduced by the s-method and the XFEM are equivalent to the 
ply-by-ply discretization approach with double nodes across the delaminated inter-ply interfaces. 
A numerical example in Section 4.5 demonstrates the equivalence between the s-method and the 
classical ply-by-ply (or laminate-by-laminate) discretization approach. 
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4.2 An Overview of representation of discontinuity via the s-method and the 
XFEM 
4.2.1 The s-method 
Figure 4.3(top) depicts a structured superposition of two 20-node hexahedral elements over an 
underlying (hereafter to be referred as the global) 20-node hexahedral element containing multiple 
plies. The two superimposed elements are positioned below and above the delaminated interface, 
respectively. The formulation of the laminated hexahedral elements is detailed in Appendix D.1. 
Note that the 20-node laminated hexahedral element rather than a simpler 8-node laminated 
hexahedral element is employed due to its ability to resolve bending. 
 
Figure 4.3. Superposition of displacement discontinuity at the delaminated interface (hidden 
nodes are not shown) 
The overall discretized displacement field hu  can therefore be written as 
      
G S









      u u u x d x d  (4.1) 
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  represents the domain of the the  global element and x  denotes the spatial coordinates; 
 G x  is the shape function of the th  global node in the global (or underlying) element and 
 S x  is the shape function of the th  superimposed node; 
G
d  and 
S
d  denote the displacement 
vectors of the th  global and th superimposed nodes, respectively; Gn  and Sn  represent the 
numbers of global and superimposed nodes, respectively. 
Remark 4.1. It is necessary to constrain certain nodes in the superimposed elements to ensure 
that the subspaces reproduced by the global and superimposed meshes are linearly independent. 
Figure 4.3 depicts which nodes in the superimposed elements are constrained to avoid linear 
dependency. For more details see Section 4.4.1. 
Remark 4.2. The overall displacement field obtained via Equation (4.1) will be shown in Section 
4.4.1 to be equivalent to that of the ply-by-ply (or laminate-by-laminate) discretization approach 
consisting of two 20-node elements (identical to the two superimposed elements) with all their 
nodes unconstrained as shown in Figure 4.3(bottom). The element superposition illustrated in 
Figure 4.3 can be generalized to model multiple delaminated interfaces in a single global element. 
Each delaminated interface would correspond to a pair of superimposed elements which are above 
and below the interface, respectively. 
Remark 4.3. While Figure 4.3 focusses on superposition of displacement (or strong) 
discontinuity, a similar framework can be employed to superimpose displacement gradient (weak) 
discontinuity. The attractive feature of the s-method is that the weak discontinuity across the 
interface can be imposed by simply constraining the degrees-of-freedom corresponding to the 
displacement jump across the interface of interest. This issue is further discussed in Section 4.4.2. 
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4.2.2 The extended finite element method 
The extended finite element method (XFEM) incorporates enrichment functions, such as the 
Heaviside function or any other analytical solutions of choice, in addition to the global finite 
element shape functions [161,179,180]. If a displacement field is characterized by strong 
discontinuity across the delamination, the enrichment functions are constructed through the 









    
 (4.2) 
Such an enrichment function in a solid laminated element is depicted in Figure 4.4 where a 20-
node hexahedral element is shown with a delaminated inter-ply interface in its parametric space. 
 
Figure 4.4. 20-node hexahedral laminate element with a delaminated interface in its 
parametric space 
The delaminated interface, expressed as 
c 0   , is a plane perpendicular to the   axis in the 
parametric space (see Appendix D.1). The discretized displacement  h    u  depicted in Figure 
4.4 can be written as 
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   

  d  represents the standard finite element approximation on a single element; and 






     

   a  denotes the displacement discontinuity across the delaminated 
interface. 
4.3 Incorporation of cohesive behavior at the interfaces 
A cohesive zone model is used to simulate the inter-ply interfacial behavior. A cohesive traction-
separation relation is employed to model the interface behavior between the upper and lower 
superimposed elements shown in Figure 4.3. Since incorporation of such a relation does not 
directly influence the kinematics of the solid elements, it is not shown in Figure 4.3. The three-
point Newton-Cotes formula in each spatial direction is adopted to integrate the weak form at the 
interfaces [181]. The integration scheme results in nine integration points at a delaminated 
interface. Eight of these integration points coincide with the superimposed nodes at the interface 
and the ninth one resides at the interface centroid. 
The cohesive zone model used in the present work is outlined in Appendix E. 
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4.4 Comparison of the s-method, the extended finite element method and the 
ply-by-ply discretization 
It will be shown in this section that both the s-method and the XFEM are equivalent to the ply-by-
ply discretization in representing strong discontinuity of displacement field across the interfaces 
in laminate elements. As for the weak discontinuity of the displacement field across the interfaces, 
the s-method provides the displacement discretization that is equivalent to the ply-by-ply 
discretization. With the XFEM, on the other hand, it is not trivial to reproduce weakly 
discontinuous displacement field that is equivalent to the ply-by-ply discretization (See Sections 
4.4.2 and 4.4.3 for details). 
4.4.1 Relations between the s-method, extended finite element method and the ply-by-ply 
discretization approach in characterizing strong discontinuity 
The s-method and the XFEM discretize displacement field in laminate elements with delaminated 
interfaces in two different but equivalent ways. In fact, both of these methods are equivalent to the 
ply-by-ply discretization approach in terms of discretization of displacement fields in delaminated 
elements.  
The displacement field discretized through any of the aforementioned methods is a linear 
combination of basis functions of the corresponding method. The basis functions in the s-method 
are the shape functions associated with the global and unconstrained superimposed mesh nodes, 
while in XFEM, the basis functions are those associated with the standard (global) finite elements 
and the enrichment, which in the present dissertation, is the product of the shifted Heaviside 
function and the standard finite element shape functions (see Equation (4.3)). The three methods 
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are equivalent in that their basis functions span the same function space. In other words, any 
discretized displacement field in one of the methods can be exactly reproduced by the other two.  
In order to prove the equivalence of the three methods, a general case with multiple delaminated 
interfaces is studied. Figure 4.5 shows the representation of multiple delaminations through the 
ply-by-ply discretization approach, the XFEM, and the s-method. The three methods are illustrated 
with n  interface cracks taking place along n  interfaces, respectively, within the global 
delamination-free 20-node isoparametric serendipity element. Note that the three methods are 
considered in the parametric space of the global solid laminate element where the interfaces are 
planes perpendicular to the   axis. The delaminated interfaces are numbered from bottom up as 
shown in Figure 4.5 where c
i  denotes the position of the thi  delaminated interface. 
In the ply-by-ply discretization approach (see Figure 4.5b), the domain  
e
  is discretized by 
 1n   elements. The discretized displacement field hu  on  e  can thus be expressed as 













  u d  (4.4) 
where  1n   is the number of through-the-thickness local elements;  i  and 
 i
d  represent the 
shape function and nodal displacement vector of the th  node in the thi  local element, 
respectively. Herein both hu  and 
 i
d  are 1 3  row matrices. It should be noted that the value of 
the shape function 
 i
  is zero in any local element other than the thi  local element. This leads to 
a potential discontinuity of the displacement field across the delaminated interfaces in  
e
 . The 
concise matrix form of Equation (4.4) can be written as 
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  u Nd    (4.5) 
where N  is the row matrix consisting of the  20 1n  basis functions and d  is the corresponding 
matrix of nodal values having the size of  20 1 3n  . N  can be written as the following block 
row matrix: 
      
1 2 1n 
 
N     (4.6) 
and d  is given in the block form as 
      
1 T 2 T 1 TT n    
 
d d d d   (4.7) 
In Equations (4.6) and (4.7),  
i
  and  
i
d   1,2,..., 1i n   are defined as 
 
         1 2 20 1,2,..., 1
i i i i
i n      
 
   (4.8) 
 
         T T T T1 2 20 1,2,..., 1
i i i i
i n
       
 
d d d d   (4.9) 
The relation between the discretized displacement field and the basis functions in the ply-by-ply 
discretization approach can therefore be clearly expressed via Equation (4.5). 
In the XFEM (see Figure 4.5c), the displacement field in the domain  
e
  is discretized as follows: 
      
20 20







H   
 
   
  
     u d a   (4.10) 
where the superscript X  denotes XFEM; G  is the global finite element shape function associated 
with the th  node in the global element on  e ; Xd  denotes the vector of coefficients of the 
shape function G ; n  is the number of delaminated interfaces and 
c
i  the coordinate of the thi  
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delaminated interface;  ciH   , which is the shifted Heaviside function, serves as the 
enrichment function for the thi  delaminated interface; 
 i
a  is the vector of coefficients 
corresponding to the enrichment  G ciH   . Note that Xu , Xd , and  
i
a  are 1 3  row matrices. 
It is evident from Equation (4.10) that the basis functions of the function space of Xu  are 
G
  
 1,2,..., 20   and  G ciH     1,2,..., ; 1,2,..., 20i n    . Similarly to the previous 
standard non-hierarchical approach, Equation (4.10) can be written in matrix form as 
 
 X X X in
e
  u N d   (4.11) 
where XN  is the row vector of the  20 1n  basis functions and Xd  is the corresponding 
coefficient matrix having the size of  20 1 3n  . The two matrices can be expressed in the 
following block form: 
      X G c G c G c G1 2 nH H H             N       (4.12) 
and 
          
T T 1 T 2 T TX GX n   
  
d d a a a   (4.13) 
where G , defined in a manner similar to  
i
   1,2,..., 1i n   in Equation (4.8), is the row matrix 
of the 20 standard shape functions of the global element;  
T
GX
d  and 
 Ti 
a   1,2,...,i n , which 
are similar to 
 Ti 
d   1,2,..., 1i n   in definition (see Equation (4.9)), are the 3 20  matrices 
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containing the coefficients corresponding to the basis functions in G  and  c GiH    , 
respectively. 
Similarly to the XFEM, the basis functions in the s-method (see Figure 4.5d) comprise of the shape 
functions of the global element in  
e
 , and the shape functions associated with the superimposed 
patches of elements: 
 
     
20 20










    u d d   (4.14) 
where the superscript S  denotes the s-method; G  and 
GS
d  are the shape function and nodal 
values corresponding to the th  node of the global element in  e , respectively;  
S i
  and 
 S i
d  
denote the shape function and nodal values corresponding to the th  superimposed node in the 
thi  superimposed patch of two elements which characterize the thi  delaminated interface. Su ,
GS
d  and 
 S i
d  are 1 3  row matrices. The local numbering of nodes in a superimposed patch is 
shown in Figure 4.5d (on the second patch from the right). The basis functions comprising the 
function space of Su  are 
G
   1,2,..., 20   and
 S i
   1,2,..., ; 1,2,..., 20i n    . Equation 
(4.14) can be expressed in matrix form as 
 
 S S S in
e
  u N d   (4.15) 
where SN  is the row matrix consisting of the  20 1n  basis functions and Sd  is the 
corresponding coefficient matrix having the size of  20 1 3n  . SN  and Sd  can be written as the 
following block row matrices: 
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      
S 1 S 2 SS G n 
 
N       (4.16) 
and 
          
T T S 1 T S 2 T S TS GS n   
  
d d d d d   (4.17) 
where G  and  S i   1,2,...,i n  are the 1 20  matrices containing the global shape functions of 




d  and 
 S Ti 
d   1,2,...,i n , which are similar to  Ti d  1,2,..., 1i n   in definition (see 
Equation (4.9)) are the 3 20  matrices of coefficients corresponding to G  and  
S i
 , respectively.  
With the concise discrete forms of the three methods (see Equations (4.5), (4.11), and (4.15)), the 
equivalence of the three methods will be subsequently proved. In order to prove that the function 
spaces of the discretized displacement fields are the same in the three methods, one only needs to 
prove the existence of two invertible matrices, XT  and ST , defined as 
 X X N N T   (4.18) 
and 
 S S  N N T   (4.19) 
where the superscripts X  and S  indicate the corresponding transformation matrices transform the 
basis functions of the standard non-hierarchical approach into the XFEM and the s-method, 
respectively.  
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Figure 4.5. Three methods for representing strong discontinuity across delaminated 
interfaces: (a) problem description; (b) ply-by-ply discretization; (c) XFEM; (d) s-method. 
 Sol. 2 
 Sol. 3 
 (b) Approach 1: Ply-by-ply discretization      
 (d) Approach 3: s-method 
 Sol. 1 
 Prob. 
 (a) The problem 
 (c) Approach 2: XFEM 
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Let us first assume the two invertible matrices exist. Equation (4.19) can therefore be inserted into 
Equation (4.15) yielding 
      S S S S S S S in e     u N d N T d N T d   (4.20) 
The equation above suggests that any discretized displacement field Su  with an arbitrary 
coefficient matrix Sd  in the s-method can be reproduced by the ply-by-ply discretization approach 
with the corresponding coefficient matrix being S ST d . In addition, since 
S
T  is assumed to be 





  N N T   (4.21) 
Substituting Equation (4.21) into Equation (4.5) yields 
      
1 1
h S S S S in
e            
      
u Nd N T d N T d   (4.22) 
The above equation suggests that any discretized displacement field hu  with an arbitrary 
coefficient matrix d  in the ply-by-ply discretization approach can be reproduced by the s-method 




T d . Consequently, the function spaces in the 
two methods are identical since any function from either of the two spaces is always a member of 
the other. It is evident that the same conclusion can be made regarding the equivalence between 
the XFEM and the ply-by-ply discretization approach provided that the invertibility assumption 
about XT  holds. 
Having validated the sufficiency conditions regarding the equivalence of the three methods, we 
now proceed with the proof that such conditions can be indeed satisfied. The proof is presented in 
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two steps. First, it will be shown that there exist two matrices, XT  and ST , which satisfy Equations 
(4.18) and (4.19), respectively. Secondly, we will prove that XT  and ST  are invertible. 
For the first step of the proof, it will be shown that any shape function of the global 20-node 
isoparametric serendipity element can be exactly reproduced by local elements of the same type if 




















   

 
  (4.23) 
where  G G G, ,i i i    and  L L L, ,i i i    are the coordinates of the thi nodes of the global and local 
elements, respectively, in the parametric space of the global element; 0 1 0 1 0 1, , , , ,a a b b c c  are 
constants and 1 1 1, ,a b c  are not zero. The proof of this statement is given in Appendix D.2. 
It can be readily verified that nodal coordinates of any local element in the ply-by-ply discretization 
approach and the global element have the relation expressed by Equation (4.23) in the parametric 
space of the global element. Furthermore, the same relation exists between the nodal coordinates 
of any local element in the ply-by-ply discretization approach and any superimposed element in 
the s-method in the parametric space of the superimposed element. These relations are shown in 
Appendix D.3.  
It is evident that the global shape functions adopted by both the XFEM and the s-method can be 
written as 
 




, , 1, 2,..., 20
n
i i i i
i
     

      

 
     (4.24) 
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where       , ,i i i      denote the coordinates of the th  node of the thi local element in the 
parametric space of the global element in  
e
 . Note that in Equation (4.24) the basis function 
 G      is reproduced by all the  1n   local elements in their respective domains.  
In addition, based on the definition of the Heaviside function, the value of the basis function 
   c GiH          in XFEM equals zero below the thi  delaminated interface and 
 G      above it. The following expression can therefore be written: 




, , 1,2,..., ; 1,2,..., 20
n
j j j j
i
j i
H i n     

        

  
        (4.25)
Furthermore, based on the proofs in Appendices D.2 and D.3, the shape functions corresponding 
to the superimposed nodes can be written as 
 
 
            








, , 1, 2,...,12
1,2,...,
, , 13,14,..., 20
i
i j j j j
ji
n
i j j j j
j i
i n
    


    

     













  (4.26) 
Note the numbering of the superimposed nodes in the superimposed patch (see Figure 4.5d) where 
the first twelve nodes are below the corresponding delaminated interface. 
Equations (4.24)-(4.26) suggest that each basis function in both the XFEM and the s-method can 
be written as a linear combination of the basis functions in the ply-by-ply discretization approach. 
This validates the existence of the two matrices, XT  and ST , that satisfy Equations (4.18) and 
(4.19), respectively. 
With the existence proved, XT  and ST  will be now shown to be invertible. Instead of investigating 
the two matrices directly, the invertibility of the matrices will be proved by validating the following 
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sufficiency conditions: all the basis functions in either of the two methods (XFEM and s-method) 
are linearly independent.  
At first reduction to absurdity is used to readily prove the sufficiency condition. Let us assume the 
basis functions in, for example, the s-method are linearly independent but the corresponding 
transformation matrix ST  is not invertible. Accordingly, there must be a non-zero column matrix 
S
v  satisfying 
S ST v 0 . After post-multiplying both sides of Equation (4.19) by Sv , one obtains 
S S S S 0  N v N T v . It is evident that the expression S S 0N v  contradicts the definition of linear 
independence of the s-method basis functions SN  since 
S
v  is non-zero column matrix. 
S
T , 
therefore, must be invertible if the s-method basis functions are linearly independent. Similarly 
linear independence of the XFEM basis functions assure invertibility of XT . 
Next, the linear independence of the basis functions can be verified in both the s-method and the 
XFEM. Consider two column matrices, Xc  and 
S
c , of constant coefficients satisfying 
X X 0N c  
and S S 0N c  in  
e
 . Based on the definition of linear independence, if Xc  and Sc  can only be 
zero column matrices, XN  and 
S
N  are row vectors containing linearly independent basis functions. 
In the following we will show that Sc  must indeed be zero to satisfy 
S S 0N c  proving that the 
basis functions are linearly independent in the s-method. Similar proof can be made for the XFEM. 
Consider the s-method. It is evident that the entries of Sc  are coefficients associated with all the 
global and local shape functions. The element superposition scheme in Figure 4.5d is depicted in 
Figure 4.6 along a vertical edge (in   direction) of the global element. Note that the numbering 
of the global and superimposed nodes in Figure 4.6 is consistent with Figure 4.5d. The index   
in Figure 4.6 can be either 1, 2, 3, or 4 corresponding to a vertical element edge in Figure 4.5d. Let 
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us denote the vertical element edge passing through the th   1,2,3,4   global node by edge . 
Since S SN c  equals zero on the whole domain 
 e  of the global element, S SN c  must vanish on the 
four vertical element edges. Considering only the shape functions associated with nodes on the 
vertical edge (see Figure 4.6), S SN c  can be written as 
 
              
S S GS G GS G GS G
4 4 16 16
S S S S S S edge








     
      
  
   
   
   

   
       
N c
  (4.27) 
where 
 S i
c  and 
GSc  represent the coefficients in 
S
c  corresponding to the th  superimposed node 
in the thi  superimposed patch and the th  global node, respectively. The shape functions 
appearing in Equation (4.27) are shown in Figure 4.6. According to the proofs given in Appendices 
D.2 and D.3, each shape function in the s-method has the form described in Equation (D.2) within 
their corresponding elements in the parametric space of the global element. It is thus evident that 
the expressions of all the shape functions in Equation (4.27) are quadratic polynomials in   on 
their respective supports in edge   1,2,3,4   where the values of   and   are fixed. We will 
denote S SN c  in 
edge
      by  f  . 
It is evident that among all the shape functions appearing in Equation (4.27), only G  
    are not zero in edge at    as shown in Figure 4.6. By evaluating the expression 
in Equation (4.27) for    , it can be readily seen that GS 0c    1,2,3,4  . Similarly, 
evaluating   0f    for    yields 
GS
4 0c    1,2,3,4  . Furthermore,  f   
 1,2,3,4   is continuous everywhere in its domain resulting in    
0 0
lim limf f 
   
 
  
  for 
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any 0  in  1,1 . It can be clearly seen from Figure 4.6 that only the basis functions 
 S i
  
 1,2,..., ; 1,2,3,4i n     are discontinuous along the corresponding element edges edge . They 





















  on edge  with    and 1,2,...,i n . As a result, by applying the 





   
 
  
   1,2,...,j n    to the expression in Equation 




c  . 
 
Figure 4.6. The s-method shape/basis functions along a vertical element edge passing through 
the th  global node  1,2,3,4    
Based on the discussion above, Equation (4.27) can be simplified as 
 




i i i i
i
c c c              

       N c   (4.28) 








    1,2,3,4; 1,2,...,i n     have 
discontinuous first and second order derivatives with respect to   at ci   on 
edge
 as shown in 
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    1,2,3,4; 1,2,...,i n     in 
edge
  can be 


































   
      
  
    
  
  (4.29) 
 
































      
   
   
  
  
  (4.30) 
Despite the discontinuous derivatives of the functions in Equations (4.29) and (4.30), S SN c  has 





   
 
  
   and 





   
 
  
    1,2,...,j n   . Applying the above conditions to the 
expression in Equation (4.28) and considering Equations (4.29) and (4.30), the following systems 
of linear equations can be obtained: 
  



































   
  
  
  (4.31) 
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  1,2,...,j n . Since c1 1j   , the determinants of the coefficient matrices are 








c    1,2,3,4; 1,2,...,j n     can only be zero. Equation 
(4.28) can thus be simplified as S S GS GS
16 16 0c   N c  on 
edge
  with 1,2,3,4  . Evaluating the 
expressions at     in edge  yields 
GS
16 0c    1,2,3,4  . It is now proved that all the 
coefficients of the basis functions associated with the global and superimposed nodes on the four 
vertical edges edge   1,2,3,4   must vanish. 
All the basis functions not shown in Figure 4.6 are associated with nodes located on the four 
vertical straight lines (along the   direction) passing through the 9th, 10th, 11th, and 12th global 
nodes, respectively, as shown in Figure 4.5d. Let us denote the vertical line passing through the 
th   9,10,11,12   global node by line . Similarly to Figure 4.6, Figure 4.7 depicts the element 
superimposition scheme in Figure 4.5d along one of the lines 
line
   9,10,11,12  . It should be 
noted that only the shape functions associated with the nodes in 
line
   9,10,11,12   are plotted 
in Figure 4.7. According to the expressions of the shape functions of the 20-node serendipity 
element, some nodes on the aforementioned vertical element edges shown in Figure 4.6 can 
contribute to the value of S SN c  in 
line
 . The discussion above, however, proves that the 
coefficients associated with these nodes must be zero. This indicates that the value of S SN c  on 
line
   9,10,11,12   is determined only by the nodes on 
line
  as shown in Figure 4.7. 
Consequently, the value of S SN c  on 
line
   9,10,11,12   can be expressed as 
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c   and 
GSc  are the coefficients in 
S
c  associated with the   th    node in the thi  
superimposed patch and the th  node of the global element, respectively. Note that all the shape 
functions in Equation (4.32) are linear functions of   on their respective supports in line  
 9,10,11,12  . One can readily verify the statement through the expressions of the shape 
functions of the global element in its parametric space and the linear coordinate transformations 
between the parametric spaces of the global element and superimposed elements shown in 
Appendices D.2 and D.3. It is thus appropriate to denote the value of S SN c  on 
line
  
 9,10,11,12   by  g   which, based on the discussion above, are piecewise linear functions 
of  . It is evident that only G   9,10,11,12   are not zero in 
line
  for    as shown in 
Figure 4.7. Evaluating the expression in Equation (4.32) for     yields GS 0c   
 9,10,11,12  . Similarly,  1 0g   assures that 
GS
4 0c     9,10,11,12  . Note that the 








    9,10,11,12; 1,2,...,i n     are discontinuous across the 
corresponding delamination cracks as shown in Figure 4.7. The linear combination of the shape 
functions S SN c , however, is zero everywhere on 
line
   9,10,11,12   with continuous 
derivatives to any orders. Consequently,  g   should satisfy    c clim lim
j j
g g 
   
 
  
  and 
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   
 
  
    1,2,...,j n . Combining the above conditions with Equation (4.32) 
yields the following systems of linear equations: 
 
   






















   
   
  (4.33) 




c c     
 9,10,11,12; 1,2,...,j n    . All the entries in Sc  have now been shown to be zero. 
 
Figure 4.7. The s-method shape/basis functions associated with nodes on a vertical straight 
line passing through the th  global node  9,10,11,12   
With Sc  shown to be a zero vector, the s-method basis functions in 
S
N  must be linearly 
independent. This validates the selection of unconstrained superimposed nodes in Figure 4.3 (see 
Remark 4.1 in Section 4.2.1). 
As for the XFEM, the same procedures can be used to readily prove X 0c . 
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Following the proof of linear independence of the basis functions in the two methods, the 
transformation matrices, XT  and ST , as stated above, must be invertible. This concludes the proof 
that the three methods have the same approximation space. 
4.4.2 Representation of weak discontinuity using the s-method 
The subdomain of a weak discontinuity as a wrapper around the subdomain of a strong 
discontinuity is necessary to improve solution accuracy in the vicinity of strong discontinuities. 
As stated in Remark 4.3 (Section 4.2.1), the weak discontinuity can be effectively represented by 
the s-method. Figure 4.8 shows the representation of the weak discontinuity across an interface of 
the 20-node isoparametric serendipity element in its parametric space. By comparing Figure 4.8 
with Figure 4.3, it can be seen that all the degrees-of-freedom responsible for strong discontinuity 
across the interface in Figure 4.3 are constrained in Figure 4.8. This include the degrees-of-
freedom corresponding to the relative displacement between each pair of double superimposed 
nodes at the mid-side of horizontal interface edges and those corresponding to the displacement of 
superimposed corner nodes at the delaminated interface. In the situation shown by Figure 4.5d, 
such constraints across the thi  interface can be expressed as 
    S 1,2,3,4i   d 0   (4.34) 
 
     S S 8
i i
     d d   (4.35) 
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Figure 4.8. Representation of weak discontinuity through the s-method across an interface 
within the 20-node solid laminate element in its parametric space 
Constraining the degrees-of-freedom does not only leave the total degrees-of-freedom the same as 
in the ply-by-ply discretization approach as shown in Figure 4.8 but also makes the function space 
identical to that of the ply-by-ply discretization approach. This can be further clarified using Figure 
4.5d. By constraining the degrees-of-freedom corresponding to the strong discontinuity shown in 











    1,2,3,4; 1,2,...,i n     are replaced with 
    S S4 12i i     
 1,2,3,4; 1,2,...,i n     while the remaining basis functions are unchanged. The resulting basis 








  , and 
    S S4 12i i      1,2,..., 20; 1,2,3,4; 1,2,...,i n      . It is 
evident that the new basis functions remain linearly independent. This can be readily proven 
through reduction to absurdity. Furthermore, the new set of basis functions are continuous on  
e

and based on Appendices D.2 and D.3, each of the basis function can be written as a linear 
combination of the basis functions in the corresponding non-hierarchical approach with single 
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nodes at the interfaces (as illustrated in Figure 4.8). Based on the proof in the previous section and 
the discussion above, we conclude that the function spaces spanned by the basis functions in the 
s-method and the ply-by-ply discretization approach are the same when weak discontinuity is 
present. 
4.4.3 Advantages of the s-method 
It is evident that both the s-method and XFEM, in which remeshing is not needed, have advantages 
over the ply-by-ply discretization approach. Herein we enumerate advantages of the s-method over 
XFEM in modeling strong and weak discontinuities. 
The s-method gives rise to sparser matrix structure in case of strong discontinuities. For example, 
in Figure 4.5d the strong discontinuity at a delaminated interface is governed by 12 superimposed 
nodes while in XFEM the strong discontinuity is determined by all 20 nodes. Furthermore, the 
displacement jumps at the superimposed nodes in the s-method at delaminated interfaces are 
directly described by the interface nodes. In XFEM, however, one has to evaluate the 
corresponding enrichment terms shown in Equation (4.10) to obtain the displacement jumps at 
these positions. Consequently, when cohesive zone models are employed, the cohesive forces only 
influence the residuals corresponding to the superimposed nodes at the delaminated interfaces in 
the s-method.  
The s-method provides an easy pathway to switch from a weak to a strong discontinuity. As stated 
in Section 4.4.2, the weak discontinuity can be readily characterized in the s-method by 
constraining the degrees-of-freedom corresponding to strong discontinuity. The resulting function 
space is equivalent to the ply-by-ply discretization approach. In XFEM, however, it is not trivial 
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to constrain the relative displacement at an interface (see [182]). A weak discontinuity can be 
enforced implicitly using Lagrange multipliers [183] or by penalty method. An alternative method 
of representing weak discontinuity in XFEM is to introduce enrichment functions with weak 
discontinuity [184,185]. By this approach if a weak discontinuity is needed across material 
interfaces in a global element, all element nodes should have additional degrees-of-freedom 
corresponding to the enrichment functions. Compared to the s-method illustrated in Figure 4.8, 
more degrees-of-freedom are indeed needed by the XFEM based on such an enrichment approach. 
Furthermore, the XFEM does not provide an explicit framework to convert a weak discontinuity 
into a strong discontinuity by simply changing the enrichment functions. This transition is crucial 
in propagating delamination fronts (see Chapter 5). 
4.5 Numerical validation 
In order to study the accuracy of the s-method, a reference solution based on the ply-by-ply 
discretization of individual layers with double nodes and cohesive elements placed along all the 
interfaces is constructed. The mesh for both methods is chosen appropriately to represent the same 
discretization space as discussed in Section 4.4. 
The composite plies are assumed to be transversely isotropic. The elastic properties of the 
unidirectional fiber-reinforced composites are listed in Table 4.1. Cohesive law parameters (see 
Appendix D.1) considered in this study are given in Table 4.2. 
Table 4.1. Elastic single ply properties 
1 (MPa)E    2 3(MPa)E E  12 13   23  12 13(MPa)G G  
55000 9500 0.33 0.45 5500 
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Table 4.2. Cohesive law parameters 
cn (MPa)   cs (MPa)   ct (MPa)   cr    
3.2 3.2 3.2 0.001   
1
I (N mm )G
   1II (N mm )G
   1III (N mm )G
   s  t  
0.64 0.64 0.64 0.1 0.1 
 
The onset of interface damage is controlled by cr  (see Appendix D.1), which is a critical value of 
the non-dimensional effective interface separation indicating damage initiation. Note that a very 
small value of cr  may affect conditioning, while a large value may not be physical. Analysis of a 
beam problem is conducted to first obtain a nearly optimal value of cr  (shown in Table 4.2). The 
same value of cr  is then adopted for subsequent studies. 
Visualizations in this section are realized through Gmsh [186]. 
4.5.1 Numerical experiment configuration 
A laminated beam subjected to mode I loading as shown in Figure 4.9 is considered. The beam 
consists of six layers of unidirectional fiber-reinforced composites with initially five intact 
interfaces, i.e., the model has no initial delamination. The beam is fixed at the two horizontal edges 
at the left end. The right end of the beam is subjected to mode I prescribed displacement. The 
dimensions of the beam are 350 6 3mm  . A total separation of 2mm  is applied at the right end 
of the beam. Each layer has the same thickness. The layup configuration of the laminate is 
 45 / 45 / 0 / 90 / 45 / 45  . Fibers in the 0  ply are aligned along the 1x  direction.  
Chapter 4. Analysis of Hierarchical and Non-Hierarchical Approaches to Representing 
Delamination in Laminated Composites 
130 
 
Figure 4.9. Configuration of the numerical experiment of the beam problem 
 
Figure 4.10. Final deformation for cr 0.001  : (a) reference simulation based on ply-by-ply 
discretization; (b) the underlying mesh in the s-method simulation. 
The mesh of the ply-by-ply simulation and the global mesh of the s-method are shown in Figure 
4.10, which depicts their deformed shapes at the end of the simulations with cr 0.001  . The ply-
by-ply beam model consists of 17 2 6   20-node hexahedral elements (see Figure 4.10a) and 
17 2 5   16-node quadrilateral cohesive elements having zero thickness. The global mesh in the 
(b) s-method simulation: underlying mesh 
(a) Reference simulation: ply-by-ply discretization 
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s-method simulation consists of 17 2 1   20-node hexahedral elements as shown in Figure 4.10b. 
Each of the 34 global elements has five superimposed patches representing strong discontinuities 
across all the five interfaces as exemplified by Figure 4.5d. 
4.5.2 Determination of cr  
The influence of the value of cr  is investigated in this section. Figure 4.11 depicts the relations 
between the resultant reaction forces and the displacements at the upper loading edge for different 
values of cr . 
It can be seen that for values of cr  smaller than 0.008 the solution practically does not change. 
For subsequent studies cr  has been selected as 0.001 . 
 
 
Figure 4.11. Relations between reaction force and displacement at the upper loading edge for 
different values of cr  
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4.5.3 Simulation results 
Figure 4.12 depicts the comparison of the resultant reaction force-displacement curves in the s-
method and the ply-by-ply simulations. At both the upper and lower loading edges, the reaction 
forces in the s-method simulation are practically identical to those in the ply-by-ply simulation. 
 
Figure 4.12. Comparison of resultant reaction forces in the s-method and reference 
simulations: (a) reaction force at the upper loading edge; (b) reaction force at the lower loading 
edge. 
Besides reaction forces at the loading end, further comparison is made regarding the damage state 
of the interfaces of the laminated beam. The damage state at interfaces is characterized by the 
damage variable in the present cohesive zone model (see Appendix E). A damage variable value 
of one indicates totally delaminated interface while a value of zero represents intact state of the 
interface. 
(a) Upper loading edge (b) Lower loading edge 
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Figure 4.13. Damage state of Interface 1 in the ply-by-ply discretization and s-method 
simulations for various prescribed displacement d   
The interfaces in the beam are numbered from the bottom up. Note that all the five interfaces are 
intact without any damage at the beginning of the simulations. Both the s-method and reference 
simulations suggest that interface damage develops primarily in Interfaces 1 and 5 while the other 
three interfaces are only slightly damaged throughout the simulations. Evolution of damage at the 
first and fifth (i.e. lowermost and uppermost) interfaces of the beam in the s-method simulation 
are compared to that of the reference simulation. Figure 4.13 and Figure 4.14 show the contour 





 Reference simulation s-method simulation 
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simulations as functions of prescribed displacement. It can be seen that the results of damage 
evolution obtained by the s-method are practically identical to that of the reference solution. In the 
two simulations, damage first initiates at the loading end of the beam at both Interfaces 1 and 5. 
With further increase of prescribed displacement, it develops a nonsymmetric pattern, which 
shows faster growth in Interface 5.  
 
Figure 4.14. Damage state at Interface 5 in the ply-by-ply discretization and s-method 





 Reference simulation s-method simulation 
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4.6 Conclusions 
The s-method and XFEM are investigated in resolving delamination in laminated composites. It 
has proved that both of these hierarchical methods are equivalent to the ply-by-ply discretization 
approach in modelling strong discontinuities across delaminated interfaces even though the s-
method gives rise to sparser matrices. The s-method, however, is advantageous in modeling weak 
discontinuities and in straightforward transition from weak to strong discontinuity across interfaces. 
The equivalence between the s-method and the ply-by-ply approach has been also validated 
through a numerical example.  
Since the strong discontinuity is introduced at all the five interfaces in Section 4.5, i.e., no weak 
discontinuity is present, the advantage of the s-method over XFEM is only due to sparsity or 
roughly 10% speed-up in the example considered. Weak discontinuities are only required for 
problems involving propagation of strong discontinuities that are wrapped around by weak 
discontinuities region. This aspect is studied in the next chapter. 
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Chapter 5  
The Adaptive S-Method for Delamination 
Analysis in Laminated Composites 
In this chapter, a methodology aimed at addressing computational complexity of analyzing 
delamination in large structural components made of laminated composites is proposed. The 
chapter features delamination indicators that pinpoint the onset and propagation of delamination 
fronts with striking accuracy. Once the location of delamination has been identified, the discrete 
solution space of the classical laminated solid element is hierarchically enriched by a combination 
of weak and strong discontinuities through the s-method (see Chapter 4) to adaptively track the 
evolution of delamination fronts. Numerical examples suggest that despite an overhead that comes 
with adaptivity, the adaptive s-method is computationally advantageous over the classical ply-by-
ply discretization especially as the problem size increases. This chapter is reproduced from the 
paper [144] coauthored with Professor Jacob Fish whose inputs are gratefully acknowledged. 
5.1 Introduction 
Cohesive zone models (CZMs), originated by Dugdale [187] and Barenblatt [188], proved to be 
effective and convenient in modelling initiation and propagation of delamination in laminated 
composites especially in conjunction with finite elements [176,181,189–196]. In finite element 
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codes, cohesive zone models are most often employed through either interface (cohesive) elements 
or mixed boundary conditions at interfaces that are regarded as internal boundaries [197].  
Cohesive zone models fall into two categories: (i) intrinsic models [198,199] and (ii) extrinsic 
models [197,200,201]. The two categories differ in whether the damage initiation is inherently 
contained in the model (with intrinsic initiation criteria) or a separate (extrinsic) criterion for 
damage initiation is required. Extrinsic cohesive zone models equate damage initiation to the 
interface separation, and therefore, provide traction-separation relation only after the damage has 
already initiated. By contrast, intrinsic models include initial elastic (or hardening) traction-
separation response prior to damage initiation. Consequently, intrinsic cohesive models have to be 
typically in place prior to onset of damage at an interface, while extrinsic cohesive zone models 
have to “burst into” the position at the interface with damage initiation. Accordingly, extrinsic 
cohesive zone models have to be implemented in an adaptive manner so that only damaged 
interface areas have cohesive elements or the aforementioned mixed boundary conditions. Intrinsic 
cohesive zone models, on the other hand, can be placed anywhere at the interfaces regardless of 
their damage state. The plausible convenience of intrinsic cohesive zone models lies in the fact 
that they require no adaptive features in finite element codes. 
For delamination analysis of large-scale laminated composite structures consisting of multiple 
plies, adaptive simulations could be very appealing, no matter whether intrinsic or extrinsic 
cohesive zone models are used. If the interply interfaces are intact, there is usually little incentive 
to explicitly represent these interfaces in the finite element models and therefore, plate or shell 
elements are ideal choices for such structures. Existence of interface delamination, however, 
necessitates explicit representation of damaged or delaminated interfaces. In conventional CZM 
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based approaches, all the interfaces are explicitly represented together with layerwise (or ply-by-
ply) discretization by solid elements (See Section 4.1). Moreover, if intrinsic cohesive zone models 
are used, all interfaces have to be equipped with degrees-of-freedom representing interface 
separation even if most of them may be intact [193]. Typically, finite element meshes have to be 
sufficiently refined to discretize each ply with solid elements. Considering the fact that 
delamination usually initiates and evolves in localized areas along very few interfaces, the numbers 
of degrees-of-freedom in conventional CZM based approaches are often excessively large, 
especially for laminated composites with numerous plies. For example, in the present chapter we 
show that more than 60% of the degrees-of-freedom might be redundant in a non-adaptive intrinsic 
CZM based simulation. It is also noteworthy to point out that most of the cohesive zone based 
finite element analyses of delamination in the literature are aimed at validation of cohesive zone 
models rather than at studying computational viability of these models in the context of large-scale 
structural systems. Consequently, these numerical studies typically focus on benchmark layup 
configurations that are much simpler than those in practical applications. In summary, there is an 
obvious need for adaptive CZM based finite element analyses that would enable viable 
delamination analyses of large-scale laminated composite structures. 
Various methods were developed to address the issue of adaptive mesh refinement or adaptive 
displacement field enrichment in the vicinity of moving cohesive zones that track evolving crack 
fronts. These methods include, but are not limited to, adaptive hierarchical enrichment of 
polynomial functions [202], use of standard finite elements [203], adaptive mesh refinement and 
coarsening [204], and adaptive mesh refinement in conjunction with the extended finite element 
method (XFEM) [205]. 
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In the present chapter, the discontinuity of displacements across the delaminated interply interfaces 
in laminated composites is resolved using the adaptive s-method. Initially, a global mesh of typical 
plate or shell elements should be first employed without consideration of imperfect interply 
interfaces to resolve a delamination-free response of the corresponding composite structure. Each 
global element may contain multiple through-the-thickness plies. The 20-node laminated 
serendipity elements (see Appendix D.1) serve as an alternative to the laminated plate or shell 
elements in the present chapter. Once the likelihood of delamination has been detected by a so-
called delamination indicator at some positon in some interface, a patch of discontinuous local 
mesh involving a cohesive zone model in this interface (see Chapter 4) is superimposed onto the 
underlying global mesh to resolve the potential discontinuity. 
The outline of the chapter is as follows. In Section 5.2, we formulate the delamination indicators 
and adaptive strategy based on the s-method. Numerical examples in Section 5.3 study the 
accuracy and computational efficiency of the adaptive s-method in comparison to the classical ply-
by-ply discretization approach. Conclusions are outlined in Section 5.4. 
5.2 Adaptive delamination strategy 
5.2.1 Notion of superimposed node set 
For adaptive simulations considered herein, it is convenient to group the superimposed nodes into 
node sets each of which influences discontinuity of displacement field in a specific interface 
location. Figure 5.1 depicts the two types of superimposed node sets, positions of which are shown 
within their respective patches of adjacent global 20-node elements. The first type of superimposed 
node sets are located on global element edges parallel to the stack direction of plies as shown in 
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Figure 5.1a. The second type of superimposed node sets consist of double nodes positioned on the 
global element faces parallel to the stack direction as shown in Figure 5.1b. Herein the first and 
the second types of superimposed node sets are referred to as the edge and face superimposed node 
sets, respectively. Examples of the two types of superimposed node sets are depicted in the second 
superimposed patch in Figure 4.5d where superimposed nodes  ,  8   and  16   
 1,2,3,4   comprise four edge superimposed node sets and the four pairs of double nodes 
comprise four face superimposed node sets. 
 
Figure 5.1. Two types of superimposed node sets representing strong discontinuity: (a) Edge 
superimposed node set; (b) Face superimposed node set. 
A superimposed node set can be added to each global element edge or face that is parallel to the 
stack direction. It is thus necessary to number the element edges and faces in the global mesh. Note 
that any edge superimposed node set may correspond to a unique ordered pair of integers in the 
global mesh. The first integer corresponds to the element edge carrying the superimposed node set, 
whereas the second integer points to the interface across which the discontinuity may take place 
 (a) Edge superimposed node set  (b) Face superimposed node set 
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because of the current edge superimposed node set. Similarly, any face superimposed node set is 
identified by a pair of identifiers with the first denoting the element face carrying the superimposed 
node set and the second pointing to the corresponding interface. The two integer pair sets including 
all the positions of edge and face superimposed node sets in a model, respectively, are denoted by 
   edge | |P i i j j     Z Z  and    face | |P i i j j     Z Z . 
5.2.2 Combining weak and strong discontinuities 
The superimposed node sets shown in Figure 5.1 represent strong discontinuities in the 
corresponding interface areas. The weak discontinuity can be also introduced by constraining 
displacements of the middle node in the edge superimposed node set and the relative displacement 
between the doubles nodes in the face superimposed node set (see Equations (4.34) and (4.35)). 
The weak discontinuity is introduced to provide a gradual transition from a strong discontinuity 
region to the discontinuity-free global elements as shown in Figure 5.2. The two-dimensional mesh 
in Figure 5.2 depicts the cross-section of the three-dimensional global hexahedral elements at an 
interply interface. The dots shown in the mesh denote the positions of the superimposed node sets 
representing either strong or weak discontinuity at the interface. The green dots correspond to the 
superimposed node sets representing strong discontinuity while the blue dots represent weak 
discontinuity. 
We will distinguish between three types of interface solutions: (a) perfectly intact interply solution 
and (b) weakly intact interply solution, and (c) discontinuous interply solution. The perfectly intact 
interply solution is a higher order through-the-thickness continuity solution provided by global 
elements. The weakly intact interface solution is the C0 through-the-thickness continuous solution 
provided by the ply-by-ply discretization approach. It corresponds to continuous displacement 
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field but discontinuous strain field. Finally, the discontinuous interply solution corresponds to the 
C-1 through-the-thickness continuous solution representing delamination. 
 
Figure 5.2. Combining weak and strong interply discontinuities for delamination modeling 
5.2.3 Adaptive delamination algorithm 
Consider first a classical intrinsic cohesive zone model for delamination analysis where cohesive 
elements are placed at all interply interfaces even though interface damage may be limited to local 
areas [193]. The displacement jump is typically very small at the intact interfaces since the elastic 
response is very stiff. Intact interfaces thus undergo stiff elastic traction-separation response until 
the separation becomes sufficiently large to reach an ultimate interface strength. 
In the beginning of an adaptive simulation, there are initial superimposed node sets that represent 
initial delamination. Throughout the simulation, the proposed delamination indicators to be 
formulated in Section 5.2.4 attempt to identify the interface locations where the separation may 
reach critical value corresponding to the interface strength. Such interface locations are then 
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equipped with corresponding superimposed node sets representing strong discontinuity that 
enables incorporation of the cohesive zone model. 
The adaptive cohesive interface insertion procedure is outlined in Figure 5.3. Assume that a 
converged discrete solution on a global mesh with a number of superimposed node sets have just 
been obtained for a certain load increment. All applicable positions at the intact interfaces are then 
probed by the delamination indicators for potential new delamination positions. Probes are 
conducted over all non-existing superimposed node sets and all existing superimposed node sets 
corresponding to weak discontinuities (see Section 5.2.2). Once all the applicable positions have 
been probed, the analysis proceeds to the next load increment if probe results show that no 
additional strong discontinuities are needed; otherwise, the corresponding new superimposed node 
sets are added and the new converged discrete solution is accordingly obtained at the same load 
increment since the finite element discretization has been changed by the addition of the new 
superimposed node sets. After the new converged discrete solution is obtained, delamination 
indicators are again invoked in the manner described above. 
Figure 5.3 summarizes the flowchart of the adaptive delamination analysis. There are three unique 
elements (highlighted in yellow) exclusive to the adaptive strategy while the remaining steps are 
standard procedures in a nonlinear finite element code. The three unique steps are: 
1. Invoke delamination indicators to test for potential delamination at every applicable 
position; 
2. Identify positions in need of superimposed node sets where delamination may take place; 
and 
3. Dynamically allocate storage for newly generated superimposed node sets consisting of: 
a. Superimposed node sets representing strong discontinuities at the positions predicted 
by delamination indicators (see Section 5.2.4); and 
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b. Superimposed node sets representing weak discontinuities at the newly developed 
delamination fronts (see Section 5.2.2). 
 
Figure 5.3. Flow chart of the adaptive delamination simulation 
5.2.4 Delamination Indicators 
Let edge edge
bP P  and 
face face
bP P  be the two sets (Section 5.2.1) corresponding to edge and face 
superimposed node sets at the intact interfaces, respectively. The two node sets represent all the 
perfectly intact (depicted in cyan in Figure 5.2), weakly intact (yellow in Figure 5.2) areas. The 
superimposed node sets depicted by the blue dots in Figure 5.2 represent delamination front. Note 
that the two integer-pair sets, edge
bP  and 
face
bP , correspond to the collection of all not yet existent 
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nonlinear system of equations 
 Test for delamination using 
delamination indicators  
New superimposed node 
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Consider an edge superimposed node set depicted in Figure 5.4a located on the thi  element edge 
in the global mesh capable of representing discontinuity at the thj  interface intersecting the 
element edge so that   edgeb,i j P . Likewise, consider a face superimposed node set in Figure 5.4b 
identified by an integer pair   faceb,k l P . The numbering of the nodes within the superimposed 
node sets is illustrated in Figure 5.4. 
 
Figure 5.4. Representation of a potential separation at a bonded interface in the surrogate 
problems for the (a) edge superimposed node set   edgeb,i j P and (b) face superimposed node set 
  faceb,k l P . 
The basic idea of the proposed delamination indicators is as follows. First, estimate the traction bt  
at an intact interface position corresponding to a superimposed node set whose integer-pair 
identification (ID) is included in either edge
bP  or 
face
bP . The likelihood of delamination can then be 
assessed by inserting the estimated traction bt at that position into a traction-based damage 
initiation criterion denoted as  b 0f t . If  b 0f t  delamination is likely to occur and a 
superimposed node set is deemed to be necessary in the corresponding location. Note that in this 
 (a) Edge superimposed node set  (b) Face superimposed node set 
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case of the present chapter, the intrinsic cohesive zone model will be incorporated at the originally 
intact interface areas surrounding the superimposed node set. The traction bt  is obtained through 
the traction-separation law which is defined in Appendix E. 
The formulation of the delamination indicators is postulated on a sequence of surrogate problems. 
A surrogate problem is constructed for each superimposed node set in edge
bP  and 
face
bP . Consider 
an edge or face superimposed node set whose integer-pair ID  ,m n  belongs to setbP . Note that the 
superscript “set” can be either “edge” or “face” to indicate the two different types of superimposed 
node sets illustrated in Figure 5.4. Let set
m  denote the domain of the patch around the thm  element 
edge or face. Such a patch is composed of all adjacent global elements corresponding to either a 
global element edge or face as shown in Figure 5.4. The boundary of the domain set
m  is denoted 
as set
m  and the potentially discontinuous interface of interest is denoted by 
int set
n m . 
We further introduce various partitions of set
m  and 
int set
n m  based on the position of the patch 
set
m . 
If one of the patch boundaries intersects with the natural boundary ext
t  of the global problem 
domain as shown in Figure 5.5a, set
m  is partitioned into natural 
t set
m  and essential 
u set
m boundaries, 
such that t set set ext
tm m     and 
u set set ext
t\m m    . Furthermore, if 
int set
n m intersects with the 
delamination-front boundary (see the patches around the blue dots in Figure 5.2), then a portion of 
int set
n m  is not intact, i.e. delaminated. In this case, 
int set
n m  is defined as 
int set b set e set d set
n m n m n m n m      
with b set e set
n m n m   , 
e set d set
n m n m    and 
d set b set
n m n m    (see Figure 5.5b). Herein, 
b set
n m  
denotes the perfectly bounded intact interface area around the superimposed node set; e set d set
n m n m   
denote the portion of the interface with strong discontinuity where e set
n m  is elastic and 
d set
n m  has 
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irreversible damage. The surrogate problems for different superimposed node sets will be 
described for the most general case assuming all types of the patch boundaries and the interface 
partitions exist. 
 
Figure 5.5. Two special global element patches corresponding to the edge superimposed node 
sets   edgeb,m n P : (a) a natural boundary patch; (b) a delamination-front patch 
A surrogate problem corresponding to either an edge or face superimposed node set   setb,m n P  
is stated as follows. Given the converged discrete solution u  over the entire problem domain, find 
the local perturbation set
n mu S  in 
set
m  such that for 
set
n m w S  the following discrete weak form 
holds: 
 
set t set int set+ int set set
s +
s : 0
m m n m n m m
d d d d d


    
                w σ w t w t w t w b   (5.1) 
where the function space set
n mS  is defined as 
          set 0 set+ set- u set int set| , , on , discontinous onn m n m n m m n mC            v x v x v x 0 v xS =   (5.2) 
 (a) Natural boundary patch  (b) Delamination-front patch 
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where  0 set+ set-,n m n mC    denotes 0C  continuous functions in the patch above  set+n m  and below 




n m  and 
int set
n m
  are the positive and negative sides of the interface 
int set
n m , respectively. A side of an interface is considered positive if its outward normal vector points 










   
 
w w w     (5.3) 
where   is the gradient operator. 
Dependence of stress on the prior converged solution u  and the unknown perturbation u is 
denoted as 
    sets on m   σ σ u u   (5.4) 
Tractions +t  and t  at the interface int setn m  are functions of the separationΔ , namely 
 
   
   
   
b b b set
e e e set








     
   
     


          

      
t Δ t u u
t t t Δ t u u u u
t Δ t u u u u
  (5.5) 
where u  and 
+
u  are the values of u  and u  on 
int set
n m
 , respectively; u  and u  represent the 
corresponding values on int set
n m
 . On the intact interface b setn m , 
   0 Δ u u  resulting in 
+  Δ Δ u u ;  bt Δ  represents the traction-separation relation at the intact interfaces b setn m , 
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such that  b t 0 0 ;  et Δ  and  dt Δ are elastic and inelastic (with preexisting damage) traction-
separation relations, respectively.  



















































  (5.7) 
where   edgeb,i j P  denotes the integer-pair ID (see Section 5.2.1) of the edge superimposed node 




j N  is the shape function of the third node in the edge superimposed 
node set and 
edgei
j d  is the corresponding nodal displacement (see Figure 5.4a); 
edgei
j w  denotes the 
nodal values of the test function;   faceb,k l P  is the integer-pair ID of the face superimposed node 
set representing the intact interface areas; face
1
k




l N  are the shape functions of the first and 
second superimposed nodes, respectively, in the face superimposed node set; facek
l d  is the 
corresponding nodal displacement (see Figure 5.4b) and facek
l w  denotes nodal values of the test 
function. 
Inserting (5.6) and (5.7) into the weak form of the surrogate problem (5.1) and taking advantage 
of the arbitrariness of the nodal values of the test functions yields: 
          set set set set set set set set set setb e d int ext bfor ,m m m m m m m m mn n n n n n n n n m n P       r d r d r d r d r 0   (5.8) 
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For the edge superimposed node set   edgeb,i j P , the residuals in (5.8) are given as  
    edge+bedge edge edge b edge edgeb 3 3
j i
i i i i i
j j j j jN N d

  r d t d   (5.9) 
    edge+eedge edge edge e edge edgee 3 3
j i
i i i i i
j j j j jN N d
 

   r d t u u d   (5.10) 
    edge+dedge edge edge d edge edged 3 3
j i
i i i i i
j j j j jN N d
 

   r d t u u d   (5.11) 
       edge
T
edge edge edge edge edge
int 3 s 3
ˆ
i
i i i i i
j j j j jN d

   r d B σ u d   (5.12) 
 
edge edget




j j jN d N d
 









j N . σˆ  in (5.12) is the 6 1  
stress matrix written in the Voigt notation. 
For the face superimposed node set   faceb,k l P , the residuals in (5.8) are given as 
    b face+face face face b face faceb 1 1
l k
k k k k k
l l l l lN N d

  r d t d   (5.14) 
  e face+face face e face facee 1 1
l k
k k k k
l l l lN N d
 

   r t u u d   (5.15) 
  d face+face face d face faced 1 1
l k
k k k k
l l l lN N d
 

   r t u u d   (5.16) 
      face
T
face face face face face face
int 1 2 s 1 2
ˆ0.5 0.5
k
k k k k k k
l l l l l lN N d

    r B B σ u d   (5.17) 
    t face faceface face face s face faceext 1 2 1 20.5 0.5
k k
k k k k k
l l l l lN N d N N d
 
















l N , 
respectively. σˆ  in (5.17) is the 6 1  stress matrix written in the Voigt notation. 
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Equation (5.8) represents a nonlinear system of three equations with three unknowns setm
nd  for 
each edge and face superimposed node set   setb,m n P . Further simplification follows from the 
perturbation analysis assuming that (a)  O u  where 0<  ≪1, and (b) the stiffness of 
undamaged interface satisfies that  
e b







 due to infinitesimality of the 
interface thickness. Consider the Taylor series expansion of   s ,u u    dt    , 
 et    ,  bt   around 0u  and  0 , respectively. 
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  (5.19) 
Inserting (5.19) into (5.8) yields a linear system of equation for three unknowns setm
nd  for each 
edge and face superimposed node set   setb,m n P . 
        set set set set set set setext int e d bfor ,
m m m m m m
n n n n n n m n P      K d r r 0 r 0 r 0   (5.20) 
where 
    edge+ edge+b e
2
edge edge e edge
3 bfor ,
j i j i
i i
j j N d i j P
 
    K K   (5.21) 
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    b face+ e face+
2
face face e face
1 bfor ,
l k l k
k k
l l N d k l P
 
    K K   (5.22) 
It is possible that not all quadrature points in a cohesive element are uniformly elastic or uniformly 
damaged, and thus classification into either e set
n m  or 
d set
n m  need further definition. Hereafter, a 
cohesive element is considered to be belonging to d set
n m  if the damage variable at the centroid is 
nonzero. Otherwise, a cohesive element is considered to be elastic and belonging to e set
n m . The 
likelihood of delamination at the position of a superimposed node set is typically related to a certain 
damage initiation criterion that can be expressed as  b 0f t . The delamination is assumed to 
take place when   b set 0mnf t d . In the present chapter, the damage initiation criterion is 
assumed to be the same as that employed by the intrinsic cohesive zone model detailed in Appendix 
E. 
5.3 Numerical examples 
In this section two numerical examples with increasing complexity are presented to study the 
accuracy and computational efficiency of the adaptive s-method for delamination analysis. All the 
laminated structures considered herein have no initial delamination. The initiation and subsequent 
propagation of delamination are guided by the adaptive strategy outlined in the previous section. 
To assess the accuracy and computational efficiency of the proposed method, each numerical 
example is accompanied with a reference solution in which ply-by-ply discretization is adopted 
with double nodes and cohesive elements placed along all interfaces. Since the discretization space 
reproduced by the s-method is identical to the ply-by-ply discretization (see Chapter 4), the 
adaptive s-method should be able in principle to reproduce the reference solution provided that the 
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adaptive strategy is capable of identifying the onset and propagation of delamination fronts. The 
computational efficiency of the adaptive s-method in comparison to the brute force approach of 
placing cohesive elements at all interfaces currently exercised in practice depends on the adaptive 
s-method’s ability to pinpoint the critical node sets on one side, and the computational overhead 
that comes with adaptivity on the other. In principle, if the adaptive s-method is capable of 
significantly reducing the problem size with little overhead and without sacrificing accuracy, it 
would provide a viable alternative to conventional practices. 
The composite plies are assumed to be transversely isotropic. The elastic properties of the 
unidirectional fiber-reinforced composites are listed in Table 5.1. Cohesive law parameters (see 
Appendix E) considered in this study are given in Table 5.2. 
Table 5.1. Elastic single ply properties  
1 (MPa)E    2 3(MPa)E E  12 13   23  12 13(MPa)G G  
55000 9500 0.33 0.45 5500 
 
Table 5.2. Cohesive law parameters 
cn (MPa)   cs (MPa)   ct (MPa)   cr    
3.2 3.2 3.2 0.001   
1
I (N mm )G
   1II (N mm )G
   1III (N mm )G
   s  t  
0.64 0.64 0.64 0.1 0.1 
 
All the mesh-related visualizations in this section are realized through Gmsh [186]. 
5.3.1 A laminated plate problem 
An originally intact laminated plate with 10 layers of unidirectional fiber-reinforced composites is 
subjected to Mode I loading as shown in Figure 5.6. The size of the plate is 330 24 2mm  . All 
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the plies in the plate have the same thickness. The stacking sequence from the bottom up is 
 90 / 45 / 0 / 45 / 90 / 45 / 0 / 45 / 90 / 45     . Fibers in 0  plies are aligned along the 1x  axis. 
The plate is fixed at the two horizontal edges on the left. The vertical displacement of 1mm  and 
1mm  are prescribed at the upper and lower edges on the right, respectively. In the reference (ply-
by-ply) simulation the plate model consists of 20 16 10   20-node hexahedral laminated elements 
each of which contains only one ply. In addition, 20 16 9   16-node quadrilateral cohesive 
elements of zero thickness are inserted at all the nine interply interfaces. The global mesh in the 
adaptive simulation contains one layer of 20 16 1   hexahedral laminated elements each of which 
contains all ten plies.  
 
Figure 5.6. Geometry, layup and loading of the plate problem 
The final deformed shapes of the foregoing meshes corresponding to the reference and adaptive 
simulations are shown in Figure 5.7. The contour plots denote vertical displacement. It is evident 
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that the total number of integration points associated with the bulk material (see Appendix D.1) in 
the reference simulation is identical to that in the adaptive simulation at all time. Thus, the CPU 
time used for element integration is roughly the same in both simulations. 
 
Figure 5.7. Final deformed meshes: (a) reference simulation; (b) the global mesh in the 
adaptive simulation 
The resultant reaction forces in the adaptive simulation are compared to those of the reference 
simulation in Figure 5.8. It can be seen that the reaction force-displacement responses as obtained 
with the adaptive s-method and the reference solution are very close. The maximum relative error 
in the reaction forces is 3.9%  while mostly the relative error is below1% . 
(a) Mesh in the reference simulation 
(b) Global mesh in the adaptive simulation 
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Figure 5.8. Comparison of the reaction force-displacement curves as obtained by the 
reference and adaptive simulations: (a) reaction force at the upper edge; (b) reaction force at the 
lower edge. 
The damage state at the interfaces in the two simulations is subsequently compared. Interfaces are 
numbered from bottom up. Interfaces 1 and 9 are selected for detailed comparison since the two 
interfaces are most damaged. Figure 5.9 depicts the contour plots of damage in Interface 1 at 
different loading stages. Figure 5.9 also shows the positions of adaptively generated edge 
superimposed node sets that characterize either strong or weak discontinuity. It can be seen that 
the results obtained from the adaptive simulations agree very well with the reference simulation in 
terms of the delamination initiation and propagation at Interface 1. Similar observation can be 
made for Interface 9 as can be seen from Figure 5.10. Smaller areas of damaged zones are found 
in Interfaces 2 and 8 and good agreement is again observed between the reference and adaptive 
simulations as shown in Figure 5.11. 
 (a) Upper edge  (b) Lower edge 






 Reference simulation Adaptive simulation 
Superimposed node set with strong discontinuity 
Superimposed node set with weak discontinuity 
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Figure 5.9. Damage state in Interface 1 for different prescribed displacements in the reference 
and adaptive simulations: (a) mmd  ; (b) mmd  ; (c) mmd  ; (d) mmd  . 
In the remaining of this example, we study computational efficiency of the adaptive method. 
Clearly adaptive models contain considerably fewer degrees-of-freedom than the reference ply-
by-ply discretization. Figure 5.12 compares the numbers of degrees-of-freedom in the two models. 
Note that while the reference simulation has a fixed number of degrees-of-freedom (reflected in a 
horizontal line in Figure 5.12), in the adaptive simulation, the number of degrees-of-freedom 
increases throughout the simulation. The number of degrees-of-freedom in the adaptive simulation 
reaches 21,526  by the end of the simulation. This is less than one third of the number of degrees-
of-freedom in the reference simulation. Figure 5.13 shows the increasing wall-clock time of the 
two simulations with increasing prescribed displacements. The same running environment and 
solution control are used for both simulations. The simulations were conducted on an idle Intel® 
Xeon® E5506 CPU (Intel Corporation, CA, USA) and 6GB RAM desktop. It can be seen that the 
amount of time for the adaptive simulation is considerably smaller than that of the reference 
simulation. With the completion of the loading process, the adaptive simulation provided the wall 
time saving of around 2.82 hours, which is 36.5%  of the total wall time consumed by the reference 
(d)  
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simulation. For prescribed displacements equal to 0.105mm , the relative time saving was 71.1% ; 
more than half of the time is saved until the prescribed displacement reaches 0.445mm . Further 
speedup gains can be obtained if reduced integration is employed. The breakdown of the wall time 
is detailed in Figure 5.14. It can be seen that solving the linear systems of equations is the most 
time-consuming operation ( 6.37  hours or 82.5%  of the total running time) for the reference 
simulation. In the adaptive simulation, the linear system of equations is solved in less than one 
fourth of the time required by the reference simulation due to the much smaller systems of 
equations. The overhead in the adaptive simulation is primarily attributed to the increased number 
of Newton-Raphson iterations: 1,628  in the adaptive method versus 801  in the reference 
simulation. The reason lies in the iterative nature of the adaptive algorithm as shown in Figure 5.3. 
Furthermore, while the number of degrees-of-freedom is considerably reduced by the adaptive 
model, the number of integration points associated with the bulk material remains the same. Due 
to increased number of iterations, reducing the CPU time of the integration process, such as by 
employing reduced integration instead of full integration considered in this study, would further 
increase the advantage of the adaptive model.  
 






 Reference simulation Adaptive simulation 
Superimposed node set with strong discontinuity 
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Figure 5.10. Damage evolution in Interface 9 for different prescribed displacements in the 
reference and adaptive simulations: (a) mmd  ; (b) mmd  ; (c) mmd  ; (d) 
mmd  . 
 
Figure 5.11. The final damage state in the reference and adaptive simulations: (a) Interface 2; 
(b) Interface 8. 
(d)  
(a) Interface 2 
(b) Interface 8 
 Reference simulation Adaptive simulation 
Superimposed node set with strong discontinuity 
Superimposed node set with weak discontinuity 
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Figure 5.12. Numbers of degrees-of-freedom versus prescribed displacements in the reference 
and adaptive simulations 
 
Figure 5.13. Wall-clock time-displacement curves of the reference and adaptive simulations 
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Figure 5.14. The final breakdown of the Wall time in the reference and adaptive simulations 
5.3.2 A laminated shell problem 
A laminated shell representing one sixth of a laminated cylindrical tube depicted in Figure 5.15 is 
analyzed. The cylinder is 40 mm in diameter, 30 mm length and 2 mm thickness. The two 
longitudinal edges of the inner shell surface are constrained and a downward prescribed 
displacement in the amount of 2mm  is prescribed at the center point of the inner surface as 
shown in Figure 5.15. The shell consists of a stack of 10 layers of unidirectional fiber reinforced 
composites of equal thickness forming a layup configuration of 
 90 / 45 / 0 / 45 / 90 / 45 / 0 / 45 / 90 / 45     . Fibers in the 0  plies are aligned along the 1x  axis. 
In other plies the orientation of fibers is determined by rotating the 1x  direction around the outward 
normal to the cylindrical surface. The model in the reference simulation consists of 28 20 10   
20-node hexahedral laminated elements each of which contains only one ply. All the nine interply 
interfaces in the model are represented by 28 20 9   16-node interface cohesive elements of zero 
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thickness. The global mesh in the adaptive simulation contains one layer of 28 20 1   20-node 
hexahedral laminated elements each of which contains all ten plies. 
The deformed meshes considered in this study are shown in Figure 5.16. To visualize the 
delamination, the two meshes are cut along the cross section that passes the loading point and the 
front half of the shell is removed. The contour plots on the deformed meshes depict the distribution 
of the vertical component of displacements. 
 
Figure 5.15. Geometry, layup and loading of the laminated shell problem 
We first study the accuracy of the adaptive method. The vertical reaction force at the loading point 
and the horizontal reaction force at the right supporting edge of the model as functions of the 
prescribed displacement are depicted in Figure 5.17. It can be seen that the reaction force-
displacement responses as obtained by the adaptive simulation are almost undistinguishable from 
the reference simulation.  
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Figure 5.16. One half of the deformed meshes at the end of the simulations: (a) reference 
simulation; (b) the global mesh in the adaptive simulation. 
 (a) Mesh in the reference simulation 
 (b) Global mesh in the adaptive simulation 
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Figure 5.17. Reaction forces as functions of the prescribed displacement: (a) vertical reaction 
force at the loading point; (b) horizontal reaction force at the right supporting edge. 
Figure 5.18 and Figure 5.19 depict the damage state at interfaces as obtained with the reference 
and adaptive simulations. Following the same convention as in the previous test problem, the 
interfaces in the laminated shell are numbered from bottom up.  
It can be seen (Figure 5.18) that the area above the loading point at the lowermost interface 
(Interface 1) in the laminated shell is most damaged. Nearly identical results are obtained by the 
adaptive and reference simulations regarding the damage state in Interface 1. For visualization, the 
global mesh in the adaptive simulation is cut along interfaces of interest.  
Considerably less damage (see Figure 5.19) has been observed in Interface 2 that is one ply above 
Interface 1. It can be seen that the damage state in Interface 2 predicted by the adaptive simulation 
agrees well with the reference simulation. It is noteworthy to point out (see Figure 5.19c and Figure 
5.19d) that the damage at Interface 2 ceases to develop when the magnitude of the prescribed 
displacement is above mm . Most of the newly generated superimposed node sets are 
 (a) Vertical reaction force  
   at the loading point 
 (b) Horizontal reaction force  
   at the right supporting edge 
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introduced in interface areas with increasing likelihood of delamination after the prescribed 
displacement reaches mm . This can be observed through Figure 5.20 where the contour plots 





 Reference simulation Adaptive simulation 
Superimposed node set with strong discontinuity 
Superimposed node set with weak discontinuity 
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Figure 5.18. Damage state in Interface 1 as obtained by the reference and adaptive simulations 
for various prescribed displacements d : (a) mmd  ; (b) mmd  ; (c) mmd  ; (d) 
mmd  . 
We proceed to study computational efficiency of the adaptive method. Figure 5.21 depicts the 
increase in the number of degrees-of-freedom in the adaptive simulation as a function of the 
prescribed displacement. The fixed number of degrees-of-freedom in the reference simulation is 
illustrated by a horizontal line. By the end of the simulation, the number of degrees-of-freedom in 
the adaptive simulation reaches 32,078 in comparison to 124,643 in the reference simulation. 
Figure 5.22 shows that the adaptive simulation is significantly faster than the reference simulation. 
The two simulations were conducted on an idle Intel® Xeon® E3-1281 CPU (Intel Corporation, 
CA, USA) and 16GB RAM machine. Identical load increments were used for both simulations. 
Figure 5.22 is therefore an appropriate reflection of the computational efficiency of the two 
simulations throughout the loading history. It took 11.08 hours to complete the reference 
simulation in comparison to 3.93 hours for the adaptive simulation, which corresponds to 64.5% 
improvement. In the earlier stages when the delamination region is relatively small, the time saving 
are in the range of 80% to 90%. The breakdown of the wall time is given in Figure 5.23. It can be 
(d)  
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seen that approximately 87% of the total time spent on solving linear equations in the reference 
simulation is saved by the adaptive simulation. Note that the advantage of adaptive simulations 
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Figure 5.19. Damage state in Interface 2 as obtained by the reference and adaptive simulations 
for various prescribed displacements d : (a) mmd  ; (b) mmd  ; (c) mmd  ; (d) 
mmd  . 
 
Figure 5.20. Contour plots of displacement separation in Interface 2 as obtained by the 
reference and adaptive simulations for two different prescribed displacements: (a) mmd  ; 




 Reference simulation Adaptive simulation 
Magnitude of Separation at Interface 2 (μm) 
0 0.092 0.18 0.55 0.74 0.92 0.28 0.37
3 
0.46 0.65 0.83 
Magnitude of Separation at Interface 2 (μm) 
0 0.092 0.18 0.55 0.74 0.92 0.28 0.37
3 
0.46 0.65 0.83 
Magnitude of Separation at Interface 2 (μm) 
0 0.096 0.19 0.57 0.76 0.96 0.29 0.38
3 
0.48 0.67 0.86 
Magnitude of Separation at Interface 2 (μm) 
0 0.096 0.19 0.57 0.76 0.96 0.29 0.38
3 
0.48 0.67 0.86 
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Figure 5.21. Numbers of degrees-of-freedom in the reference and adaptive simulations versus 
prescribed displacement 
 
Figure 5.22. Time consumed by the reference and adaptive simulations as a function of the 
prescribed displacement  
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Figure 5.23. The final wall time breakdown in the reference and adaptive simulations 
5.4 Conclusions 
The classical ply-by-ply discretization of individual layers may increase the size of the problem 
by an order of magnitude in comparison to laminated shell or plate elements. As an alternative, a 
hierarchical adaptive approach based on the s-version of the finite element method is proposed to 
address the computational efficiency issue of delamination analyses in large-scale laminated 
composite structures. The adaptive strategy features delamination indicators, which introduce 
cohesive interfaces only if and where they are needed.  
Two problems have been analyzed: a smaller plate problem and a larger cylindrical shell problem 
both having 10 plies. The time savings offered by the adaptive model are more pronounced as the 
problem size increases. Furthermore, in practical applications when the delamination is localized 
to relatively small regions the advantage of adaptivity is considerably larger. This can be clearly 
1
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seen from Figure 5.22. When the prescribed displacement is equal to 0.7 mm, the adaptive 
approach is about five times faster than the classical ply-by-ply discretization.  
The overhead in the adaptive simulation is primarily attributed to the increased number of 
iterations due to the iterative nature of the adaptive algorithm as shown in Figure 5.3. While the 
number of degrees-of-freedom is considerably reduced, the total number of integration points 
associated with bulk materials remains the same. Due to increased number of iterations, reducing 
the CPU time of the integration process, for instance by either employing reduced integration 
instead of full integration or by employing 14-point quadrature rule (instead of 27), would further 
increase the advantage of the adaptive model. 
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Chapter 6  
Conclusions 
In the concluding chapter, the main contributions of this dissertation are outlined with directions 
for future research discussed. 
6.1 Main contributions 
The dissertation contributes to two aspects of enhancing reliability or efficiency of numerical 
simulation of failure in solids. For ductile failure which is most often characterized by large strain 
plasticity, a relation is revealed between two seemingly distinct large strain plasticity constitutive 
frameworks both of which enjoy widespread popularity in numerical approaches to studying 
plastic behavior of solids. For brittle failure which features discontinuous displacement field, an 
adaptive methodology is developed to realize reliable, efficient finite element analysis of initiation 
and propagation of delamination (displacement continuity) in layered materials. The contributions 
are detailed as follows: 
 The kinetic logarithmic stress rate: Through an unloading stress ratchetting obstacle test, 
it is shown that additive hypo-elasto-plasticity models based on the logarithmic stress rate 
[53,57,59] give rise to nonphysical energy dissipation in elastic unloading processes. The 
kinetic logarithmic stress rate is accordingly proposed to eliminate such physical 
inconsistency. It is proved that the kinetic logarithmic stress rate, which results from a 
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simple modification to the definition of the logarithmic rate, renders the corresponding 
additive hypo-elasto-plasticity models capable of representing energy dissipation-free 
elastic responses whenever plastic flow is absent. 
 A link between the multiplicative hyper-elasto-plasticity and additive hypo-elasto-
plasticity models: It is proved that for isotropic materials the multiplicative models 
coincide with the additive ones if a newly discovered objective stress rate is employed. 
This objective stress rate, which reduces to the kinetic logarithmic rate in the absence of 
strain-induced anisotropy, is termed the modified kinetic logarithmic stress rate. Such 
equivalence between the two categories of elastoplasticity models is illustrated through 
numerical model problems in which homogeneous deformation along with J2 plasticity 
with associative flow rule is considered. 
 Hierarchical representation of delamination in laminated composites: One single layer 
of 20-node serendipity solid laminated elements are employed to resolve delamination-free 
response of shell structures made of laminated composites. It is proved in this case that 
delamination representations based on the s-version of the finite element method (s-method) 
and that based on the extended finite element method (XFEM) are equivalent to the 
conventional ply-by-ply approach in the sense that they all have the same discretization 
(approximation) space. In addition, it is shown that the s-method provides a more 
straightforward pathway than the XFEM to switch from weak to strong discontinuities. 
 Adaptive delamination analysis: The adaptive s-method is developed to simulate the 
onset and propagation of delamination throughout a large-scale structural component made 
of laminated composites without incurring excessive computational cost. Based on the s-
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method representation of delaminated interfaces, such an adaptive approach features 
delamination indicators which are proposed to detect the onset and propagation of 
delamination. Numerical examples show that the computational cost of the adaptive s-
method is significantly lower than that incurred by the conventional ply-by-ply approach 
despite the fact that the two approaches produce practically identical results. This 
efficiency advantage of the adaptive s-method is more pronounced as the problem size 
increases. 
6.2 Directions for future research 
Several directions of future research are discussed as follows: 
 In additive hypo-elasto-plasticity models, the hypoelastic relation and kinematic hardening 
law contain objective stress rates of the Kirchhoff stress and back stress, respectively. A 
theoretical question that has not been addressed is whether it is necessary to use the same 
definition of corotational objective stress rate for the Kirchhoff stress and back stress in 
additive hypo-elasto-plasticity models as suggested in [39]. The question arises from the 
fact that most multiplicative hyper-elasto-plasticity models can be shown to indeed employ 
different definitions of corotational objection stress rate for the Kirchhoff stress and back 
stress in their equivalent additive hypo-elasto-plasticity forms based on the modified 
kinetic logarithmic spin (see Section 3.5.1). There seems to be a conflict between many 
existing multiplicative models and the requirement of identical corotational objective stress 
rate definition for the Kirchhoff stress and back stress. This issue needs to be addressed in 
future work. 
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 The analysis of large strain elastoplasticity models presented in the dissertation is limited 
to isotropic materials in the sense that both the elastic response and yield condition are 
isotropic. In addition, all the elastoplasticity models considered herein are rate independent. 
The proposed kinetic logarithmic rate based formulation as well as the revealed relation 
between the multiplicative and additive models may be generalized to materials with 
inherent anisotropy or rate dependency, such as polymer matrix composites (PMC). Elastic 
strains in a polymeric phase of PMC, while constrained by stiff inclusions, might be still 
sizeable due to stretching of polymer chains. The aforementioned generalization would be 
of interest to both academic community and practitioners. 
 The thickness of structural components made of laminated composites are usually several 
orders of magnitude smaller than the in-plane dimensions. Shell and plate elements are 
therefore especially suitable for modeling of such structural components. Computational 
viability and efficiency of delamination analysis in these structural components may be 
further increased if the solid element based adaptive s-method presented in this dissertation 
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Appendix A  
Numerical Integration of Additive Hypo-Elasto-
Plasticity models 
A.1 Numerical integration of the additive hypo-elasto-plasticity model for J2 
elastoplasticity based on the logarithmic stress rate 
Consider a hypo-elasto-plasticity model described by (2.7), (2.40)-(2.44), (2.18) and (2.19). 
Assume that the Kirchhoff stress τ , the back stress α  and the internal variable   for isotropic 
hardening are given at an instant nt and are denoted as nτ , nα  and n , respectively. The values
1nτ , 1nα  and 1n   of these variables at time 1nt    1n nt t   will be numerically integrated as 
described herein. 
Among the above governing equations, (2.41), (2.43) and (2.44), which describe either the 
responses of stresses or evolution of the internal variables in the rate form, will be first expressed 
in the integrated form. 
Considering (2.7) and (2.31), the relation (2.41) can be rewritten as 
  log H pˆ:  τ D D   (A.1) 
Inserting (2.55) and (2.42) into (A.1) yields 
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    log log T log log T H :
D
Dt











  (A.3) 
Due to isotropy of the fourth-order tensor H , (A.2) can be rewritten as 
    log T log H log T log log T log:
D
Dt
         Q τ Q Q D Q Q n Q   (A.4) 
Inserting (2.54) into (A.4) yields 





        
 
Q τ Q Q V Q Q n Q   (A.5) 







H log log T log log T log log T
1 1 1: ln ln
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n n n n
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    
          
  
τ Q τ Q
V Q V Q Q Q n Q Q
  (A.6) 
with 
 log T log log T
1n n n
 
  Q Q Q   (A.7) 
where 1ln nV  and 
log
1nQ  denote the values of lnV  and 
log
Q  at instant 1nt  , respectively, while 
ln nV  and 
log
nQ  denote the corresponding values at instant nt . 
Similarly to (A.6), equation (2.43) can be integrated to obtain  
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  1log log T log log T log log T1 1 1n
n
t




          α Q α Q Q Q n Q Q   (A.8) 
Note that in the present section (Appendix A.1) the nonlinear kinematic hardening parameter b  is 
assumed to be zero. The numerical integration of the nonlinear kinematic hardening law is 
considered in Appendix A.3. 









K ds  

      (A.9) 
The radial return mapping algorithm [63] allows for the following approximation with regard to 
(A.6) and (A.8): 
 



















t ds  





















  (A.12) 
where 1n   denotes the plastic multiplier   at instant 1nt   and 1n n nt t t    is the length of the 
time interval  1,n nt t  . 
Combining equations (A.6), (A.8) and (A.9) the following relations can be obtained: 
 trial H
1 1 1:n n n n   τ τ n   (A.13) 
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 trial
1 1 1n n n nc     α α n   (A.14) 
 trial
1 1n n nK        (A.15) 
with 
  trial log log T H log log T1 1: ln lnn n n n n n n n         τ Q τ Q V Q V Q   (A.16) 
 trial log log T
1n n n n

    α Q α Q   (A.17) 
 trial
1n n     (A.18) 
It is evident that trial
1nτ , 
trial
1nα  and 
trial
1n   can be evaluated as long as 
log
nQ  is known. The rotation 
log
nQ  is approximated by the numerical integration algorithm detailed in Appendix A.2. The 
values of 
1nτ , 1nα  and 1n   are in turn obtained given n . The scalar n  is obtained through 
the Kuhn-Tucker complementarity conditions as described below. 
If  trial trial trial1 1 1, , 0n n n    τ α , the process is considered to be elastic and n  vanishes leading to  
 trial
1 1n n τ τ   (A.19) 
 trial
1 1n n α α   (A.20) 
 trial
1 1n n     (A.21) 
If  trial trial trial1 1 1, , 0n n n    τ α ,  the process is considered to be plastic and n  should be positive and 
satisfy  1 1 1, , 0n n n    τ α . In case of the plastic process, equations (A.12), (A.13), (A.14) yield 
      trial trial1 1 1 1 2n n n n nc          τ α τ α   (A.22) 
The Kuhn-Tucker complementarity conditions can therefore be written as 
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τ α τ α
τ α
  (A.23) 
from which the value of n  is given as 
 












  (A.24) 
The values 
1nτ , 1nα  and 1n   follow from (A.13)-(A.15). 
Based on (2.48), the plastic work p










   τ D   (A.25) 











     τ n τ n   (A.26) 
A.2 Numerical integration of the logarithmic spin tensor 
The rotation tensor 
log




Q Q   (A.27) 
The following algorithm aims at approximating the rotation tensor 
log
Q  at 1nt    1n nt t  . 
Let log
1nQ  denote the value of 
log
Q at 1nt  . Based on [63] it can be written as 
  log log log1 expn n n nt    Q Ω Q   (A.28) 
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where log
n Ω  is the logarithmic spin tensor at instant   11n n nt t t       with  0,1  ;  exp  
denotes the exponential map of the corresponding skew-symmetric tensor. Consider a skew-










   
 
   
Ω   (A.29) 
The skew-symmetric matrix (A.29) can be expressed in the vector form as 
  
T
23 31 12   ω   (A.30) 













Ω I Ω Ω   (A.31) 
where I  is the second-order identity tensor and ω  is the L2-norm of ω . 
The skew-symmetric tensor log
n nt  Ω  in (A.28) can be approximated as follows. According to 
(2.33), log
n Ω  is written as 
  log ,n n n n       Ω W W B D   (A.32) 
with n W , n B  and n D  denoting the values of the vorticity tensor W , the left Cauchy-Green 
deformation tensor B  and the rate of deformation tensor D  at instant nt  , respectively. Using 
the generalized midpoint rule, n W  and n D  can be approximated as [63] 
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   11
1





    
W F F F   (A.33) 
  T 11
1
2




      

D F C C F   (A.34) 
where nF , n F  and 1nF  denote the values of the deformation gradient F  at instances nt , nt   
and 1nt  , respectively; nC  and 1nC  are the values of the right Cauchy-Green deformation tensor 
T C F F  at nt  and 1nt  , respectively. The expression (2.36) indicates that the function 
 ,W B D  is linear with respect to D  in the sense that the relation    , ,a aW B D W B D  holds 
for an arbitrary scalar a . Consequently, inserting (A.33) and (A.34) into (A.32) yields the 
following approximation of log
n nt  Ω : 




n n n n n n n n n nt     
  
      
 
           
 
Ω F F F W B F C C F   (A.35) 
A.3 Numerical integration of the additive hypo-elasto-plasticity model for J2 
elastoplasticity based on the kinetic logarithmic stress rate 
With the logarithmic stress rate   log

replaced by its kinetic counterpart   kl og

 in (2.41) and 
(2.43), the additive hypo-elasto-plasticity model based on the kinetic logarithmic stress rate can be 
completely described by (2.7), (2.40)-(2.44), (2.18) and (2.19). Suppose that the values of the 
Kirchhoff stress τ , the back stress α  and the internal variable   for isotropic hardening, nτ , nα  
and n , respectively, are given at instant nt . Herein the focus is on the approximation to the values 
of the above variables at instant 1nt    1n nt t  , i.e. 1nτ , 1nα  and 1n  . 
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Following an integration procedure similar to that in (A.1)-(A.9) of Appendix A.1, 1nτ , 1nα  and 
1n   can be expressed as 
 klog klog T H klog p klog
1 :n n n n n n
 

        τ Q τ Q ε ε   (A.36) 
 klog klog T p klog
1n n n n n nc b
 









K ds  

      (A.38) 
with 







      ε Q Q D Q Q   (A.39) 







      ε Q Q D Q Q   (A.40) 







     d Q Q α Q Q    (A.41) 
where klogQ  is a proper orthogonal tensor satisfying the following ordinary differential equation: 
 
klog klog klog Q Ω Q   (A.42) 
The values of klogQ  at instants nt  and 1nt   are denoted as 
klog
nQ  and 
klog
1nQ , respectively. The tensor 
klog
nQ  in (A.36) is the relative rotation tensor from nt  to 1nt   which is defined as 
 klog klog klog T
1n n n

  Q Q Q   (A.43) 
Following approximation of the integrals in (A.39), (A.40) and (A.41), the following expressions 
are obtained 
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1 1 2 1 2 1 2 1
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1 2 1 2 1 2
klog klog T
1 2 1 2
n n n n n n n










      
    
   
ε Q Q D Q Q
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  (A.44) 
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  (A.45) 
 
 klog klog T klog klog T1 1 1 1 1 1
1 1
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 
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d Q Q α Q Q
α
  (A.46) 
where 
klog
1 2nQ  and 1 2nD  denote the values of the rotation tensor 
klog
Q  and the rate of deformation 
tensor D  , respectively, at instant  1 2 1
1
2
n n nt t t   ; 
klog klog klog T
1 2 1 1 2n n n

   Q = Q Q  is the relative 
rotation tensor from 




nD  is the value of the plastic rate of 
deformation tensor pDˆ  at 1nt  ; 1n   and 1nα  are the values of the plastic multiplier and back stress 
at instant 1nt  , respectively. 
According to the approximation (A.34) in Appendix A.2, 
nε  can be written as 
  T 11 2 1 1 2
1
2
n n n n n
 
      ε F C C F   (A.47) 
where 1 2nF  is the value of the deformation gradient F  at 1 2nt  ; nC  and 1nC  are the values of 
the right Cauchy-Green deformation tensor T C F F  at nt  and 1nt  , respectively. 
In addition, due to (2.42) and (A.3), p klog
nε  can be rewritten as 
 p klog 1 1 1n n n n n nt  

      ε n n   (A.48) 
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where 1n n nt      can be regarded as an approximation to the integral of the plastic multiplier 
  over the time interval  1,n nt t  . Consequently, (A.38) can be rewritten as 
 1n n nK        (A.49) 
The above relative rotation tensors klog
nQ  and 
klog
1 2nQ  are then approximated via numerical 
integration of the ordinary differential equation (A.42). According to (A.28) in Appendix A.2, the 
approximation to klog
nQ  is written as 
  klog klogexpn n nt  Q Ω   (A.50) 
where the parameter   in (A.28) is set as 0   and thus klognΩ  denotes the value of the kinetic 
logarithmic spin tensor klogΩ  at instant nt . 
Making the usual approximation to 
klog













   
 
Q Ω   (A.52) 
In view of (2.74), klog
nΩ  can be written as 
  klog k ,n n n n Ω W W B D   (A.53) 
with nW , 
k
nB  and nD  denoting the values of the tensors W , 
k
B  and D  at instant nt , respectively. 
In light of the approximation (A.33) and (A.34) in Appendix A.2, nW  and nD  can be written as 









W F F I   (A.54) 
  T 11
1
2
n n n n
nt
 
   

D F C F I   (A.55) 
The relations (2.75) and (2.76) suggest that k
nB  is a function of nτ , i.e. 
  k kn n nB B τ   (A.56) 
Inserting (A.54)-(A.56) into (A.53), the following approximation is obtained: 








       
 
Ω F F I W B τ F C F I   (A.57) 
In summary, the above approximations of (A.36)-(A.38) yield 
 klog klog T H klog klog T1 1 2 1 2 1:n n n n n n n n n
 
   
          τ Q τ Q Q ε Q n   (A.58) 
  klog klog T1 1
1
1







      
 
α Q α Q n   (A.59) 



















  (A.61) 
where the rotation tensors klog T
n
Q  and klog T1 2n

Q  are defined by (A.50), (A.52) and (A.57). 
At first, the trial state is obtained by assuming 0n   in which case the trial values of 1nτ , 1nα  
and 1n   can be expressed as 
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trial klog klog T H klog
1




:n n n n n







      

   
 
τ Q τ Q ε
α Q α Q   (A.62) 
If  trial trial trial1 1 1, , 0n n n    τ α , the trial values and the parameter 0n   satisfy the Kuhn-Tucker 
complementarity conditions and therefore the following relations hold: 
 trial
1 1n n τ τ   (A.63) 
 trial
1 1n n α α   (A.64) 
 trial
1 1n n     (A.65) 
If  trial trial trial1 1 1, , 0n n n    τ α , the value of the parameter n  would make  1 1 1, , 0n n n    τ α  to 
hold, i.e. 
    1 1 1 1 1 1, , 0n n n n n n          τ α τ α   (A.66) 
Equation (A.66) along with (A.58)-(A.61) constitute a system of nonlinear equations. The system 
of nonlinear equations will be first rewritten in an alternative form to facilitate efficient numerical 
solution. 
Note that since the back stress nα  at nt  is assumed to be traceless, i.e.  tr 0n α . Equations (A.59) 
and (A.61) suggest that 1nn  and 1nα  should be traceless as well. 
Considering (2.31), the equation (A.58) can then be written as 
      klog klog T klog1 12n n n n n n n  
         
 
τ Q τ Q ε n  (A.67) 
        1tr tr 3 trn n n      τ τ ε   (A.68) 
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     
   







  (A.69) 
where 
  1 1 1n n n   η τ α   (A.70) 
  n n n η τ α   (A.71) 
Taking the norm on both sides of (A.69), the following holds 
 
 
 klog klog T klog1 2 2
1 1
n n n n









              
      
η τ
η Q Q ε   (A.72) 
It can be seen that n  is the only unknown on the right-hand side of (A.72). 
Substituting (A.70) and (A.60) into the consistency condition (A.66) yields 
 1 0n n nK      η  (A.73) 
Considering the expression (A.72), (A.73) indeed represents a nonlinear equation for n  whose 
numerical solution can be obtained through the Newton-Raphson method. 
With n  obtained, 1nξ  can then be computed by substituting n  into (A.69). Consequently, 
the values 1nτ , 1nα  and 1n   are obtained by evaluating (A.58), (A.59) and (A.60), respectively. 
Remark A.1   If the plastic spin pWˆ  is considered herein as described in Remark 2.3 of Section 
2.4.1, the backward Euler method is employed for the approximation of the rotation tensor 
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corresponding to the spin expressed by (2.100). This renders the rotation tensors klog
nQ  and 
klog
1 2nQ  dependent on 1nτ , 1nα  and n  through the exponential mapping (A.31). It is therefore 
no longer trivial to obtain an explicit representation of the nonlinear equation for n  similar to 
(A.73). Instead, a system of nonlinear equations (A.58)-(A.61), (A.66) has to be solved 
simultaneously. 
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Appendix B  
Eigenprojections of a Symmetric Second-Order 
Tensor 
Eigenprojections are often introduced to circumvent complexity induced by various possibilities 
of repeated eigenvalues (i.e. multiplicities of eigenvalues) of a matrix or tensor [76]. 
Consider a symmetric second-order tensor T  in 3-dimentional space. The spectral decomposition 








  T v v   (B.1) 
where  1 2 3, ,    is the spectrum of T  and  1 2 3, ,v v v  is an orthonormal basis of eigenvectors of 
T . It is evident that the orthonormal basis  1 2 3, ,v v v  is not unique in case of repeated eigenvalues 









T E   (B.2) 
where m  is the number of distinct eigenvalues of T ;   denotes the th  distinct eigenvalue of 
T  while E  denotes the eigenprojection corresponding to  . The eigenprojection E  is defined 
Appendix B. Eigenprojections of a symmetric second-order tensor 
213 
as the orthogonal projection operator on the null space of T I  [76]. In fact, comparing (B.2) 
with (B.1) yields the following expressions of E : 
If the tensor T  has no repeated eigenvalues (i.e. 3m   and    ), the orthonormal basis 
 1 2 3, ,v v v  is unique and E  is written as 
 , 1, 2,3      E v v   (B.3) 
If the tensor T  has two distinct eigenvalues (i.e. 2m  ), one of them must be a simple eigenvalue 
(herein denoted by 
1 1   without loss of generality) while the other (i.e. 2 2 3    ) a repeated 
one. The corresponding eigenprojections 1E  and 2E  in this case are written as 
 1 1 1 2 2 2 3 3 1 1,         E v v E v v v v I v v   (B.4) 
If the tensor T  has only one distinct eigenvalue (i.e. 1m  and 1 1 2 3       ), the only 
eigenprojection 1E  is trivially the identity tensor, namely 
 1 E I   (B.5) 
It is evident that the eigenprojections E   1,...,m   possess the following properties regardless 




















  (B.7) 
 , m         E T T E E   (B.8) 
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In addition, the eigenprojections E  of the tensor T  can be expressed in terms of T  and its 


















T IE  (B.9) 
 
Appendix C. Relation between Multiplicative Hyper-Elasto-Plasticity and Additive Hypo-Elasto-
Plasticity Models 
215 
Appendix C  
Relation between Multiplicative Hyper-Elasto-
Plasticity and Additive Hypo-Elasto-Plasticity 
Models 
C.1 Multiplicative hyper-elasto-plasticity model of Dettmer and Reese [89] 
described in the current configuration 
The model of type A described in Section 4.1 of Dettmer and Reese [89] is detailed herein. It can 
be summarized as follows: 












  (C.1) 
The yield function is written as 




    M χ M χ   (C.2) 




  T T T I  denotes the deviatoric part of a second-order tensor T ; χ  is a 
symmetric second-order tensor and Y  the yield stress. 
The flow rule is expressed as 











  (C.3) 
where pD  is defined in (3.10). 
The kinematic hardening is governed by the following equation: 
 pc b  χ D χ   (C.4) 
where c  and b  are constants; χ  is expressed as 
 p p     χ χ W χ χ W   (C.5) 
with pW  defined in (3.10). 
In addition, the Kuhn-Tucker conditions are written as 
    0, , 0, , 0      M χ M χ   (C.6) 
The equations above will be now written in the current configuration. Note that e e e e T  B R C R . 
Since  e C  is an isotropic function of eC , the following expression holds: 
 











  (C.7) 
Substituting (C.7) into (C.1) yields 
 
 e






   

B
M R B R
B
  (C.8) 







 and eB  commute. Consequently, 
utilizing (3.11) in (C.8) yields 
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 e T e  M R τ R   (C.9) 
In addition, the yield function  , M χ  is also isotropic with respective to M  and χ . Similarly 













τ R χ RM χ
R R
M τ
  (C.10) 
Letting e e T  α R χ R  and substituting (C.10) into the plastic flow rule (C.3) yields the plastic 









  (C.11) 
Note that the definition (3.14) has been considered in obtaining (C.11). It is also evident that due 
to isotropy of  , M χ  the yield function (C.2) can be rewritten as 




    τ α τ α   (C.12) 
Moreover, substituting 
e T e  χ R α R  into (C.4) yields the following spatial description of the 
kinematic hardening law: 
 pc b  α D α   (C.13) 
where α , denoting an objective stress rate of α , is written as 
      α α Ω α α Ω   (C.14) 
with 
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 e e T e p e T     Ω R R R W R   (C.15) 
It can be seen that the plastic flow rule (C.11) can be described by the general expression (3.13) 
introduced in Section 3.3 and the kinematic hardening law (C.13) falls into the category expressed 
by (3.15). 
C.2 Equivalent expression of the spin tensor Ω  
The spin tensor Ω  is expressed in (C.15) or (3.33). It is shown in the present appendix that (3.33) 
is equivalent to the following expression according to the basic kinematic definitions given in 
Section 3.2: 
  e 1 e e 1 eskw      Ω V L V V V   (C.16) 
Substituting p e 1 F F F  into the definition of pW  in (3.10) yields 
  p e 1 e e 1 eskw      W F L F F F   (C.17) 
Note that the relation  e 1 e e 1 e
D
Dt
    F F F F  has been employed in obtaining (C.17). 
The term e p e T R W R  in (3.33) can therefore be written as 
  e p e T e 1 e e 1 e e Tskw          R W R V L V V F R   (C.18) 
Taking time derivative of the expression (3.3) yields 
 e e e e e   F V R V R   (C.19) 
Substituting (C.19) into (C.18) yields 
  e e T e p e T e 1 e e 1 eskw           R R R W R V L V V V   (C.20) 
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The expression (C.16) is therefore obtained. 
C.3 Alternative expression of the plastic flow rule by Simo [124] 
The equation (2.19a) in [124] gives the following plastic flow rule: 
 










  (C.21) 
where q  denotes a set of internal variables and eB  denotes the Lie derivative of 
e
B  with the 
following expression: 
 e e e e T    B B L B B L   (C.22) 
e
B  can be rewritten as 
 
   
 
e 1 e T T p 1 p T T
e p p 1 p T p T e T
e p e T2
D D
Dt Dt
    
   

        
      
   
B F F B F F F F F F
F F F F F F
F D F
  (C.23) 
Consider the equality  p p 1 p p 1 0
D
Dt
    F F F F  in (C.23). Substituting (C.23) into the plastic 
flow rule (C.21) yield 
 
 e p e T e 1 e,q 

    

τ
R D R V V
τ
  (C.24) 





 in (C.24) is therefore coaxial with τ  which is further coaxial with eB  due to the 
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 and eV  on the right-hand side of 
(C.24) can commute resulting in the following expression of the plastic flow rule: 
 







  (C.25) 
which is consistent with the expression (3.13) introduced in Section 3.3. 
C.4 Continuity of the spin tensor Ω  
The spin tensor Ω  is expressed by (3.57). Let us first suppose that the tensor eB  in the expression 
(3.57) has three distinct eigenvalues e
1b , 
e
2b  and 
e
3b  (i.e. 
e 3m  ). In the present appendix, the 
continuity of the expression (3.57) of Ω  is investigated when the eigenvalues approach each other 
causing coalescence. 
Without loss of generality, let the eigenvalues e
3b  approach 
e
2b  while 
e
1b  is kept different from the 
two (i.e. e e
3 2b b , 
e e
1 2b b  and 
e e
1 3b b ). In this case, the limits of the scalar coefficients  e e,c b b   
 , 3        in the term  e ,W B D  of (3.57) (see (2.34)) have been shown by Xiao et al. 
[1] to be 
  
 e e e e3 2 3 2
e e
e e 2 3
2 3 e e e e 1
2 3 2 3
1 2 1 2
lim , lim lim 0
1 1 lnlnb b b b
b b
c b b
b b b b 

  
   
          
 (C.26) 
    
e e e e
3 2 3 2
e e e e
3 2 2 3lim , lim , 0
b b b b
c b b c b b
 
     (C.27) 
    
e e
3 2
e e e e
3 1 2 1lim , ,
b b
c b b c b b

   (C.28) 
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    
e e
3 2
e e e e
1 3 1 2lim , ,
b b
c b b c b b

   (C.29) 
Similarly, the limits of the scalar coefficients  e e,c b b    , 3        in the term 
 e p,W B D  of (3.57) (see (3.58)) can be written as 
  
 e e e e3 2 3 2
e e
2 3e e
2 3 e e e e 1
2 3 2 3
2 2 2 2
lim , lim lim 0
1 1 lnlnb b b b
b b
c b b
b b b b 

  
   
           
  (C.30) 
    
e e e e
3 2 3 2
e e e e
3 2 2 3lim , lim , 0
b b b b
c b b c b b
 
     (C.31) 
    
e e
3 2
e e e e
3 1 2 1lim , ,
b b
c b b c b b

   (C.32) 
    
e e
3 2
e e e e
1 3 1 2lim , ,
b b
c b b c b b

   (C.33) 
Note that the last equalities in (C.26) and (C.30) are obtained by applying the L'Hôpital's rule twice 
to each of the limits. In view of the expressions (2.34) and (3.58), the limits given in (C.26)-(C.33) 
imply that the spin tensor Ω  is continuous when the eigenvalues e
2b  and 
e
3b  of 
e
B  coalesce. 
In addition to the cases with doubly coalescent eigenvalues of eB , the expression (3.57) of the 
spin tensor Ω  is also continuous when the eigenvalues of eB  become triply coalescent. Suppose 
that eB  has two distinct eigenvalues e
1b  and 
e
2b  (with 
e 2m  ). When e2b  approaches 
e
1b , the 















   
 
  (C.34) 
    
e e e e
2 1 2 1
e e e e
2 1 1 2lim , lim , 0
b b b b
c b b c b b
 
     (C.35) 

















     
  (C.36) 
    
e e e e
2 1 2 1
e e e e
2 1 1 2lim , lim , 0
b b b b
c b b c b b
 
     (C.37) 
It can be inferred from the limits given in (C.34)-(C.37) that the expression (3.57) of the spin tensor 
Ω  is continuous when the two distinct eigenvalues e
1b  and 
e
2b  of 
e
B  (with e 2m  ) coalesce. 
C.5 Expressions of the scalar valued functions in Equation (3.97) 
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     
             
   




τ α τ α τ α
τ L F α τ W B τ τ
τ τ τ
τ α τ α




  (C.39) 
Note that in obtaining the expressions (C.38) and (C.39), symmetry of the tensor 





been utilized. In Equation (C.38),  k ,Ω τ L  denotes the kinetic logarithmic spin, which is 
expressed in (3.42). In Equation (C.39),  ,W  denotes the function defined in (3.58) and 
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    k kexp 2B τ h τ  is the kinetic left Cauchy-Green deformation tensor with  kh τ  defined 
in (3.68). 
C.6 Numerical approximation of the plastic work 
Both the definitions (3.108) and (3.109), in conjunction with the associative J2 plastic flow rule 
(3.105) (with 0α  in the present context), suggest that the plastic work can be approximated 






















  (C.40) 
where p
nW  denotes the plastic work done by stress τ  during an increment spanning the time 
interval  1,n nt t  . n  is the consistency parameter obtained for the same increment and 1nτ  is 
the approximation of stress τ  at the instant 1nt  . 
C.7 Numerical integration of the additive hypo-elasto-plasticity model based 
on the modified kinetic logarithmic rate 
The additive hypo-elasto-plasticity model to be numerically integrated is summarized as follows: 
The rate of deformation tensor D  is additively decomposed as 
 e pˆ ˆ D D D   (C.41) 
where eDˆ  and 
p
Dˆ  are the elastic and plastic parts of D , respectively. 
The elastic response can be written as 
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 Ke Hˆ : D τ   (C.42) 
where H  is the compliance tensor expressed in (2.30); Kτ  is the modified kinetic logarithmic 
stress rate of the Kirchhoff stress τ  with the following expression: 
 K K K     τ τ Ω τ τ Ω   (C.43) 
The modified kinetic logarithmic spin tensor KΩ  in (C.43) is written as 
    K k k pˆ, ,  Ω W W B D W B D   (C.44) 
where W  is the vorticity tensor;  k ,W B D  and  k pˆ,W B D  are skew-symmetric second order 
tensor valued functions expressed in (2.34) and (3.45), respectively; kB , denoting the kinetic left 
Cauchy-Green deformation tensor, is defined as 
  k kexp 2B h   (C.45) 
with the kinetic Hencky strain written as 
 k H :h τ   (C.46) 
The yield condition is expressed as 
    , ,    τ α τ α   (C.47) 
where α  is the back stress. 






  (C.48) 
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where   η τ α . 
The kinematic hardening is governed by the following equation 
 pc b α D α   (C.49) 
where c  and b  are material parameters; α  is the objective stress rate of the back stress with the 
following expression: 
     α α Ω α α Ω   (C.50) 
where the spin tensor Ω  can be expressed as 
   k p,  Ω W W B D D   (C.51) 
with the skew-symmetric second order tensor valued function   k p, W B D D  expressed in 
(3.36). 
The isotropic hardening is described as 
 K    (C.52) 
with K  denoting the isotropic hardening modulus. 
With the hypo-elasto-plasticity model summarized in (C.41)-(C.52), the corresponding numerical 
integration method is then formulated. It is clear that the state variables contained in the model 
above are τ , α  and  . The objective of the numerical integration method is to obtain 
approximations to the state variables at the instant 1nt   (i.e. 1nτ , 1nα , 1n  ) with given values ( nτ ,
nα , n ) of the state variable at the instant nt  and prescribed deformation path in the time interval 
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 1,n nt t  . In the present appendix, the subscripts “ n ”, “ 1n ” and “ 1 2n ” mean that the 
corresponding quantities are at the instant nt , 1nt   and  1
1
2
n nt t   , respectively. 
At first the rate form equations of the state variables are integrated from the instant nt  to 1nt  . 
The equation (C.43) is rewritten as 
  K T T
D
Dt
     τ Q Q τ Q Q   (C.53) 
where Q  is an orthogonal tensor satisfying 
 T K Q Q Ω   (C.54) 
Substituting (C.53) into (C.42) and considering the isotropy of the compliance tenor H  yield 
  T e H Tˆ :
D
Dt
    Q D Q Q τ Q   (C.55) 
Integrating (C.55) from the instant nt  to 1nt   obtains 
 










         Q τ Q Q τ Q Q D Q   (C.56) 
where the stiffness tensor H , satisfying H H s:  , is expressed in (2.31). After pre- and post-
multiplying both sides of (C.56) by 
1nQ  and 
T
1nQ , respectively, the following expression is 
obtained: 
  1T H T e T1 1 1ˆ: n
n
t




          τ Q τ Q Q Q D Q Q   (C.57) 
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It is noteworthy that the isotropy of H  has been utilized in obtaining (C.57). The tensor 
nQ  in 
(C.57) is written as 
 T
1n n n  Q Q Q   (C.58) 
Substituting (C.41) into (C.57) yields 












      ε Q Q D Q Q   (C.60) 
 









      ε Q Q D Q Q   (C.61) 
Following a procedure similar to that for obtaining (C.59)-(C.61), (C.49) can be written as 








           α Q α Q Q Q D α Q Q   (C.62) 
where Q  and 
nQ  satisfies 
 T Q Q Ω   (C.63) 
 T
1n n n  Q Q Q   (C.64) 









K dt  

      (C.65) 
Numerical approximations to the above integrations are then described.  
In light of (C.54), 
nQ  is approximated by the following expression: 
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  Q Ω   (C.66) 
According to (C.44) and (C.48), the following expression holds 




n n n n n n n
t
n
dt t t 
  




Ω W W B τ D W B τ
η










     (C.68) 
In (C.67), the approximations to n nt W  and n nt D  can be written as [63] 
     1 11 1skw skwn n n n n n nt        W F F F F F   (C.69) 
  T 11
1
2
n n n n n nt
 
    D F C C F   (C.70) 
where nC  and 1nC  denote the right Cauchy-Green deformation tensor at the instant nt  and 1nt  , 
respectively. 
In the equation (C.60), the approximation to nε  can be written as 
   T1 2 1 2 1 2n n n n nt       ε Q D Q   (C.71) 
where 1 2nQ  and 1 2n nt  D  are approximated as  
 
1T K













     
 
Q Q Q Ω   (C.72) 
  T 11 2 1 2 1 1 2
1
2
n n n n n nt
 
       D F C C F   (C.73) 
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In (C.61), the approximation to p













  (C.74) 
Similarly to (C.66), the quantity 
nQ  can be approximated as 







  Q Ω   (C.75) 
with 




n n n n n n n
t
n
dt t t 
  




Ω W W B τ D W B τ
η
  (C.76) 
The second term on the right-hand side of (C.62) is approximated as 






n n n n n
t
n




       
η
Q Q D α Q Q α
η
  (C.77) 



















          
η
α Q α Q
η
  (C.78) 
In addition, (C.65) can be written as 
 1n n nK        (C.79) 
After finishing numerical approximations, the quantity n  is then determined as follows. 
The trial state is obtained by assuming 0n  , i.e. 
 trial trial trial T H
1 :n n n n n

      τ Q τ Q ε   (C.80) 
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 trial trial trial T
1n n n n

    α Q α Q   (C.81) 
 trial
1n n     (C.82) 
where 
    trial kexp ,n n n n n nt t    Q W W B τ D   (C.83) 
    trial kexp ,n n n n n nt t    Q W W B τ D   (C.84) 
If     trial trial trial trial trial trial1 1 1 1 1 1, , 0n n n n n n          τ α τ α , the trial state is just the actual state, i.e. 
 trial trial trial
1 1 1 1 1 1, ,n n n n n n          τ τ α α   (C.85) 
If     trial trial trial trial trial trial1 1 1 1 1 1, , 0n n n n n n          τ α τ α , a proper value of n  is needed so that 
    1 1 1 1 1 1, , 0n n n n n n          τ α τ α   (C.86) 
Considering the definition (2.31) of H  and the approximations (C.71) and (C.74), the equation 
(C.59) can be rewritten as 
        1 1 2tr tr 2 3 trn n n nt     τ τ D   (C.87) 
      T T 11 1 2 1 2 1 2
1
2 2 nn n n n n n n n n
n
t      

           
η
τ Q τ Q Q D Q
η
  (C.88) 















          
η X
η
  (C.89) 
with 













n n n n n n
n




   
        
 

    
X Q τ Q Q α Q
Q D Q
  (C.90) 













       
η X   (C.91) 













         
X   (C.92) 
The equation (C.92) represents a nonlinear equation for n . The numerical solution can be 
obtained through the Newton-Raphson method. 
After solving the equation (C.92), the solution of n  can be substituted into (C.90) to obtain X . 


















  (C.93) 
The values of 1nτ , 1nα  and 1n   can then be evaluated through the aforementioned numerical 
approximations to (C.59), (C.62) and (C.65), respectively. 
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Appendix D  
Hierarchical Representation of Delamination in 
Laminated Composites 
D.1 20-node isoparametric serendipity laminated element 
A solid element employed in this study is a 20-node isoparametric serendipity laminated element, 
which contains multiple plies in a single element. Numerical integration of the weak form is carried 
out over each ply to account for material heterogeneity within the element. All the plies are stacked 
along the same parametric coordinate axis (termed the stacking axis) and all the interfaces are 
planes perpendicular to the stacking axis in the parametric space. Figure D.1 shows an example of 
the solid laminated element in both its parametric and physical spaces. Without loss of generality, 
the stacking direction of the plies is assumed to be along the   axis in the parametric space of the 
element. 
In the present work, the weak form is integrated in the element domain using 3 3  Gauss 
quadrature in    plane and the Simpson rule in the   direction in each ply in the parametric 
space of the element. The integration scheme results in 27 integration points for each element ply. 
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Figure D.1. A 20-node isoparametric serendipity laminate element in two different spaces: (a) 
the parametric space; (b) the physical space. 
D.2 Proof of exact reproduction of shape functions of the 20-node 
isoparametric serendipity elements by local elements of the same type 
In this appendix, we show that any global shape function of the 20-node isoparametric serendipity 
element can be exactly reproduced by local elements of the same type if the nodal coordinates of 




















   

 
  (D.1) 
where  G G G, ,i i i    and  L L L, ,i i i    are the coordinates of the thi nodes of the global and local 
elements, respectively, in the parametric space of the global element; 0 1 0 1 0 1, , , , ,a a b b c c  are 
constants and 1 1 1, ,a b c  are not zero. 
(a)  Parametric space (b)  Physical space 
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In order to prove the above statement, the shape functions of the local element are investigated in 
the parametric space of the global element. At first, one can verify that the interpolation based on 
the shape functions of the 20-node isoparametric serendipity element results in a polynomial of 
the form: 
 
  0 1 2 3
2 2 2
4 5 6 7 8 9
2 2 2 2 2 2
10 11 12 13 14 15 16
2 2 2
17 18 19
, ,P r s t C C r C s C t
C r C s C t C st C tr C rs
C st C s t C tr C t r C rs C r s C rst
C r st C rs t C rst
    
      
       
  
  (D.2) 
where r , s , and t  are the coordinates in the parametric space of the element; iC   0,1,2,...,19i   
are constant coefficients. 
It is evident that both the global and local elements use polynomials in the form described in 
Equation (D.2) in their respective parametric spaces. Next, it will be shown that the form of the 
polynomial obtained through interpolation based on the local element can be described by 
Equation (D.2) in the parametric space of the global element. As an isoparametric element, the 
local element has the following coordinate transformation from its own parametric space to the 























    
    





    


    







  (D.3) 
where  , ,    and  , ,      are coordinates in the parametric spaces of the global and local 
elements, respectively; iN  denotes the standard shape function associated with the thi  node of the 
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20-node isoparametric serendipity element. After substituting Equations (D.1) into Equations 
(D.3), the following expressions are obtained: 
 
   
   



















a N a N
b N b N
c N c N
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
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






  (D.4) 





N   

     in the 
equation above is equal to one. In addition, it is evident that the global and local elements have the 
same nodal coordinates in their respective parametric spaces. G
i , therefore, can be replaced by 
i  , which denotes the   coordinate of the thi  node of the local element in its parametric space in 
Equation (D.4). i   can then be interpreted as the value of the function  f           at the 






N    

     in Equation (D.4) can in turn be interpreted 
as the interpolation approximation of the function  f           through the local element. 
According to Equation (D.2), the polynomial obtained via interpolation based on the shape 
functions of the 20-node isoparametric serendipity element is complete up to order 2 in the 
parametric space. The linear function  f           can thus be exactly reproduced by the 
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N    

     








N    

    , in Equation (D.4) can be written as   and   , respectively. Equation 
































  (D.5) 
Since Equation (D.2) describes the general form of the polynomial resulting from interpolation 
based on the shape functions of the local element in its parametric space, Equations (D.5) can be 
substituted into Equation (D.2) to obtain the general form of the polynomial in the parametric 
space of the global element. Herein let r  , s  , and t   . Noticing that the coordinate 
transformation shown in Equations (D.5) is linear, the substitution makes each term in Equation 
(D.2) become a polynomial of  ,  , and   with the same order as the original term. The resulting 
overall polynomial, therefore, has the same order as the original polynomial  P r s t  . In order to 
prove that the resulting polynomial has the same form as the original one, one has to show that 
each term in the resulting polynomial has the same form as one of the terms in the original 
polynomial. Since the original polynomial  P r s t   is complete up to order 2, all the terms with 
orders less than 3 in the resulting polynomial must have their respective corresponding terms in 
the same form as in  P r s t  . Consequently, one only needs to pay attention to the terms with 
orders larger than or equal to 3 in the resulting polynomial. In fact, these terms can only result 
from those terms with orders 3 and 4 in the original polynomial considering the linearity of the 
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coordinate transformation. Moreover, due to the similarity among the three coordinates in 
Equations (D.2) and (D.5), it is reasonable to expand and check only the three representative terms, 
2st , rst , and, 2r st , in Equation (D.2). By substituting Equations (D.5) into the three terms, yields 
 






2 2 2 2







b c c b c b c
b c
   
    
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     
 
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  (D.6) 
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  (D.7) 
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  (D.8) 
In the three expressions above, the terms that have orders higher than or equal to 3 are 2 ,  , 
2  , 2 , and 2   all of which are included by a polynomial of  ,  , and   in the same form 
as shown in Equation (D.2). Consequently, the polynomial resulting from interpolation based on 
the shape functions of the local element has the form shown in Equation (D.2) in both its own and 
the global element’s parametric spaces. 
It is evident that an individual shape function associated with a single node of the local element 
can be written in the same form as  P r s t   in the parametric space of the global element. The 
following equation can thus hold: 
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 L L Lin  C t   (D.9) 
where L  is the domain of the local element; L  is the column matrix of all the shape functions 
of the local element. It can be written as 
 
T
L L L L
1 2 20        (D.10) 
where L
i   1,2,..., 20i   is the shape function associated with the thi  node of the local element. 
t  in Equation (D.9) denotes the column matrix of all the terms appearing in the polynomial in 
Equation (D.2) with the variables being the coordinates,  ,   and  , in the parametric space of 
the global element; LC  is the matrix of the specific coefficients of the terms in t . Noticing that 
both L  and t  have 20 entries, LC  is a square matrix of the size 20 20 . Furthermore, if the 
relation in Equation (D.1) is given, the values of the entries of LC are determined. 
Next it will be shown that LC  is invertible. Herein reduction to absurdity is employed to prove 
this statement. Let us assume LC  is not invertible. As a result, there exists a non-zero row matrix 
L
v  satisfying  
 L L v C 0   (D.11) 
By pre-multiplying both sides of Equation (D.9) by Lv , one obtains 
 
L L L L L0 in   v v C t   (D.12) 









     (D.13) 
Appendix D. Hierarchical Representation of Delamination in Laminated Composites 
239 
where L
iv  is the thi  entry of the row matrix 
L
v . Without loss of generality, it is assumed that 
L
jv  
is one of the non-zero entries in Lv . According to the Kronecker delta property of the shape 
functions, the value of the left-hand side of Equation (D.13) is Ljv  at the thj  node of the local 
element. Since 
L
jv  is assumed to be non-zero, Equation (D.13) cannot hold at the thj  node of the 
local element and therefore LC  must be invertible. 
It is now straightforward to prove the statement made at the beginning of the appendix. According 
to Equation (D.2), the shape function associated with the thi  node of the global element can be 
written as 
  G G Gin 1,2,..., 20iN i    c t   (D.14) 
where G  denotes the domain of the global element. Gc  is the row matrix of the coefficients of 
the terms in t . Since LC  has been proved to be invertible, Equation (D.9) can be substituted into 
Equation (D.14) yielding 
    
1
G G L L G L Lin 1,2,...,20iN i

     c C u    (D.15) 




c C , is the row matrix of the coefficients of the shape functions 
of the local element. The Kronecker delta property of the shape functions requires that the thj  
entry 
G
ju  of 
G
u  is equal to the value of the global shape function 
G
iN  at the thj  node of the local 
element. Equation (D.15) can therefore be written as 
        
20
G G L L L L L
1
, , in 1,2,..., 20i i j j j j
j
N N i         

           (D.16) 
This completes the proof. 
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D.3 Relations between the nodal coordinates of the global, local and 
superimposed elements 
Consider a 20-node isoparametric serendipity laminated element in its parametric space. The 
global element has n  interfaces all of which are planes perpendicular to the   axis in the 
parametric space. The interfaces are numbered from the bottom up with the   axis pointing 
upwards. The interfaces are located at c
i  . 
If the ply-by-ply discretization approach is employed to model the displacement discontinuity 
across the interfaces, the global element is replaced by  1n   local elements one for each ply as 
illustrated in Figure 4.5b. The nodal coordinates of the thi  local element in the parametric space 
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     

   

  (D.17) 
where       , ,i i ij j j    and  , ,j j j    denote the coordinates of the thj  nodes of the thi  local 
and global elements, respectively, in the parametric space of the global element. Note that the 
definition of c
i  is detailed in Equations (D.17) by introducing 
c
0 1    and 
c
1 1n   . Equations 
(D.17), which states the relation between the nodal coordinates of the local and global elements, 
have the form shown in Equations (4.23). 
If the displacement discontinuity across the delaminated interfaces is represented by the s-method, 
n  pairs of elements are superimposed onto the global element (see Figure 4.5d). Each pair of 
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superimposed elements compose a superimposed patch characterizing the crack in one of the 
interfaces. The superimposed patch has the same sequence number as its corresponding 
delaminated interfaces. The nodal coordinates of the lower superimposed element in the thi  



























    

   

  (D.18) 
where       S Low S Low S Low, ,i i ij j j    are the coordinates of the thj  node of the lower element in the 
thi  superimposed patch in the parametric space of the global element. Note that Equations (D.18) 
is given in the form described by Equations (4.23).  
By combining Equations (D.17) and (D.18), one can obtain the relation between the nodal 
coordinates of the thi  local element and lower element in the thj  superimposed patch as follows: 
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   
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    
  (D.19) 
Note that i j  in the equation above so that the thi  local element is within the domain of the 
lower element in the thj  superimposed patch. 
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Based on the proof of Equations (D.5) in Appendix D.2, the coordinate transformation from the 
parametric space of the lower superimposed element to that of the global element has the same 


























   

  (D.20) 
where       S Low S Low S Low, ,i i i      and  , ,    are the coordinates in the parametric spaces of the 
lower element in the thi superimposed patch and the global element, respectively.  
By applying the transformation in Equation (D.20) to Equation (D.19), the relation in Equation 
(D.19) can be expressed in the parametric space of the lower element of the thj  superimposed 
patch as follows: 
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    
  (D.21) 
where 
      S Low S Low S Low, ,j j jk k k      are the coordinates of the thk  node of the lower element in the 
thj  superimposed patch in the parametric space of the lower element; 
      , ,i i ik k k        are the 
coordinates of the thk  node of the thi  local element in the same parametric space. Equation (D.21) 
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indicates that the lower superimposed element in the s-method and local element in the ply-by-ply 
discretization approach satisfy the conditions described by Equation (4.23). 
Following the same procedures, one can readily show that any upper superimposed and local 
element satisfy the conditions described above. 
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Appendix E  
Cohesive Zone Model for Inter-Ply Interfacial 
Behavior 
The cohesive zone model (CZM) describes decohesion by a traction-separation relation at inter-
ply interfaces. The CZM model considered in the present dissertation is a combination of a bilinear 
cohesive zone model proposed by Song and Paulino [207] and friction-sliding model of Tvergaard 
[208] in the post failure regime. 
Prior to introducing the traction-separation relation, we define nine model parameters: cn , cs , 
ct , IG , IIG , IIIG , s , t  and cr . cn , cs , and ct  are mode I, II, and III interface strengths, 
respectively; IG , IIG , and IIIG  are mode I, II, and III fracture energies, respectively; s , and t  
are mode II and III friction coefficients, respectively; cr  is the non-dimensional critical value of 
effective interface separation to be subsequently defined. 
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    
  (E.1) 
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where the subscripts e  and c  denote effective and critical values, respectively; n , s , and t  are 
the separations along the normal and two tangential directions, respectively; cn , cs , and ct  are 
single mode separations indicating totally delaminated interface along the normal and two 
tangential directions, respectively. Assuming bilinear traction-separation relations, cn , cs , and 
ct  are computed from the corresponding fracture energies and strengths by 







       (E.2) 
Let max  be the maximum value of the effective separation e  throughout the deformation history. 
Assuming that damage is irreversible, max  serves as a state variable indicating the local state of 
damage. When max 1  , the interface is totally damaged forming a cohesive traction-free interface 
crack. In this case, the damage variable 1.d   Note that the damage variable is introduced only 
for the purpose of post-processing. 
The onset of interface damage is defined by cr . When max cr0    , the interface is intact and the 
corresponding traction-separation response is linear elastic 
 cn cs s ct tn
n
cr cn cr cs cr ct
;   ;    s tt t t
    
     
     
       
     
  (E.3) 
where nt , st , and tt  are mode I, II, and III tractions. In this case, the damage variable 0.d   When 
cr e max    , the interface is damaged. The corresponding traction-separation relation is given 
by 




























  (E.4) 
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  (E.5) 
For post-processing, it is convenient to define a damage variable as 
  m m m1t d k     (E.6) 


















  (E.7) 
Note that when n 0  , nt  exhibits linear elastic response even though the interface has been 
damaged already. The linear elastic response is employed herein to prevent the penetration 
between the contiguous plies. 
When max 1  , the interface is totally delaminated and all cohesive tractions vanish. If the 
interface is under tensile loading  n 0  , n s t 0t t t   . If the interface is under compressive 
loading, n( 0)  , the traction-separation response is governed by a static friction law [208] as 
  cn nn s s t t n
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